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Asymmetric salt fingers induced by a nonlinear equation of state
Tamay M. Özgökmen and Oleg E. Esenkov
RSMAS/MPO, University of Miami, 4600 Rickenbacker Causeway, Miami, Florida 33149

~Received 28 October 1997; accepted 4 April 1998!

The impact of the nonlinearity in the equation of state associated with the change in the thermal
expansion coefficient with temperature on the structure of fingers growing from an interface
between two mixed layers is investigated using a numerical model. It is shown that the nonlinearity
acts to enhance the buoyancy force acting on the descending fingers with respect to that acting on
the ascending fingers, resulting in narrower and faster-growing descending fingers than ascending
fingers. The results are discussed with emphasis on the vertical variability of properties along the
fingers. © 1998 American Institute of Physics.@S1070-6631~98!00408-5#
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I. INTRODUCTION

Double-diffusive instabilities of a fluid rely on the pre
ence of two state variables that diffuse at different rat
Finger instability can occur when the faster diffusing co
ponent makes a stabilizing contribution to the density gra
ent while the slower diffusing component makes a desta
lizing contribution. With the overall stratification remainin
stable, the structures realized are tall, narrow cells of al
natively rising and sinking fluid. In the original theory an
experiment performed with a heat-salt system~Stern1!, the
two orders of magnitude difference between the diffusivit
of salt and heat led to the near conservation of salt in nar
columns, hence the name ‘‘salt fingers.’’

Salt fingers obtained in laboratory experiments2,3 are
symmetric, i.e., sinking and rising columns have the sa
horizontal and vertical structure, the same wave number
the same growth rate. Analytical studies of salt fingers~e.g.,
Stern,1 Schmitt,4 Kunze5! as well as numerical simulation
~Piacsek and Toomre,6 Shen,7,8 Özgökmenet al.9! have em-
ployed a linear equation of state, leading to a symme
array of salt fingers. The impact of the nonlinearity in t
equation of state on the finger interface was explored
McDougall,10,11 who found in laboratory experiments th
the nonlinearity causes the salt finger interfaces betw
mixed layers to migrate upward, an effect also observed
Schmitt.12 In these experiments, the lower layer grew at t
expense of the upper layer, indicating an asymmetry betw
the upward and downward fluxes. This behavior implie
possible asymmetry in the finger structure. Schmitt~personal
communication! suggests that asymmetric fingers may res
from the nonlinearities in the equation of state.

The purpose of this study is to explore the impact of
nonlinearity in the equation of state due to the change of
thermal expansion coefficient with temperature on the str
ture of salt fingers growing from a sharp interface betwe
two mixed layers. The investigation is conducted using
numerical model, because the nonlinear term can readily
included in the model equations and its effect can be
lated. Unlike numerical experiments, the effect of a nonl
ear term in the equation of state on the finger structure c
not easily be investigated in laboratory experimen
1881070-6631/98/10(8)/1882/9/$15.00
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Analytical solutions are also difficult to obtain due to th
nonlinearity.

The paper is organized as follows. In Sec. II we gi
physical reasons why a nonlinear equation of state sho
lead to asymmetric salt fingers. Section III describes the
merical model. The experimental setup is discussed in S
IV, and the numerical experiments are presented in Sec
Finally, the main results are summarized in the conclud
section.

II. A MECHANISM FOR ASYMMETRY

The equation of state of seawater is nonlinear, and
sense of the nonlinearity is such that a mixture of two wa
masses of the same density but different temperatures
salinities is denser than the original water masses. This n
linearity may be thought of as being primarily due to var
tion of the thermal expansion coefficient with temperatu
and the following quadratic expression is a good approxim
tion to the water density:10

r5r0@12a~T2T0!1b~S2S0!2g~T2T0!2#, ~1!

where r0, T0 and S0 are the reference values of densit
temperature and salinity, respectively. Density variatio
caused by temperature changes are represented by linea
nonlinear terms with corresponding expansion coefficienta
andg, while b is the linear contraction coefficient for salin
ity.

To understand the mechanism leading to vertical asy
metry in salt fingers, consider a simple case of two lay
with different temperatures and salinities separated b
sharp interface~Fig. 1!. If cold, fresh water is placed under
layer of warm, salty water, salt fingers can grow at the int
face. After a short time compared to the diffusion time sc
of salt, temperatures in the upward and downward grow
fingers become, respectively,

Tu5T21dT,

Td5T12dT,

whereT1 andT2 are the temperatures of the upper and low
layers, respectively, anddT is the temperature change in th
2 © 1998 American Institute of Physics
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fingers due to the diffusion of temperature. It is assumed
dT is the same for both upward and downward growing fi
gers during the initial growth. Ifru

lin andrd
lin contain contri-

butions to the density of the fingers due to the linear par
the equation of state, the expressions for the densities o
disturbances can be written as:

ru5ru
lin2g~T21dT2T0!2,

rd5rd
lin2g~T12dT2T0!2.

The upward moving parcel experiences a buoyancy fo
proportional toDru5r12ru , while the force acting on the
downward moving parcel is proportional toDrd5rd2r2

~both are defined as positive quantities!, where

r15r lin~T1 ,S1!2g~T12T0!2,

r25r lin~T2 ,S2!2g~T22T0!2

are the densities of the upper and lower layers, respectiv
After simple algebra we find that the difference in the ma
nitudes of the buoyancy forces acting on the downward
upward moving parcels is proportional to

Drd2Dru52gdT~T12T22dT!. ~2!

The difference is larger than zero as long asdT is not equal
to zero, ordT is not equal toT12T2. In the finger zone,
dT,T12T2, and therefore the above equation states that
descending fingers are subject to a greater buoyancy for
than the ascending fingers. The difference in buoya
forces that sinking and rising fingers experience is entir
due to nonlinearity of the equation of state, and it disappe
wheng50. It will be shown by numerical experiments th
this differential buoyancy forcing leads to asymmetric ev
lution of ascending and descending fingers.

III. THE NUMERICAL MODEL

The numerical model integrates the two-dimensio
equations of motion of an incompressible fluid subject to
Boussinesq approximation. In order to reduce the numbe
parameters, the following nondimensionalization is used:

~x,z!5L~x* ,z* !; c5nc* ; t5
L2

n
t* ;

T5nTT* ; S5nSS* .

FIG. 1. Notations regarding a simple diagram of the onset of finger in
bility from a sharp interface between two mixed layers.
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Dropping stars, the prognostic equations for the conserva
of vorticity, temperature, and salinity become

z t1J~c,z!5
Ra

PrFTx~11eT!2
Sx

Rr
0G1¹2z, ~3!

Tt1J~c,T!5
1

Pr
¹2T, ~4!

St1J~c,S!5
1

Sc
¹2S. ~5!

The stream function is calculated diagnostically from

¹2c5z. ~6!

Heren is the kinematic viscosity,KT andKS are the respec-
tive diffusivities of temperature and salinity,nT andnS are
the respectiveT andS differences across the vertical exte
of the domain,g is the gravitational acceleration, andL is
the width of the domain. The nondimensional parameters
the Prandtl number Pr5n/KT , the Schmidt number
Sc5n/KS , the Rayleigh number based on temperatu
Ra5ganTL3/nKT , the nonlinearity paramete
e52 gnT/a, and the linear density ratioRr

05anT/bnS,
whereas the actual~nonlinear! density ratio can be expresse
asRr5Rr

0(11eT)Tz /Sz .
The prognostic equations~3!–~5! are advanced in time

using a predictor-corrector type leapfrog method.13 The time
step is calculated at every iteration based on the maxim
speed induced by diffusive and advective processes.
Jacobian operatorJ(a,b)5axbz2azbx is computed using
the formulation proposed by Arakawa14 that conserves ki-
netic energy and entropy, while accurately maintaining
propertyJ(a,b)52J(b,a). All other differential operators
are approximated by using central differences. The diagn
tic equation~6! is inverted using a fast Fourier transfor
solver.15

IV. THE EXPERIMENTAL SETUP

The purpose of the experiments in this study is to e
plore the behavior of rising and sinking fingers as a funct
of the nonlinearity in the equation of state, which is quan
fied by the parametere. A suitable experimental configura
tion for this purpose is a sharp interface sandwiched betw
two mixed layers~Fig. 2!. The lower layer contains cold an
fresh water (T5S50), while the upper layer contains warm
and salty water (T5S51), consistent with the conditions fo
the salt finger instability. The reference temperature co
sponds to the lower layer temperature (T050). All experi-
ments are conducted with a heat-salt system (Pr57,
Sc5700). The additional requirement for salt finger instab
ity is

1,Rr,KT /KS . ~7!

Here, the initial~model! density ratio is taken asRr51.8,
and sinceKT /KS5Sc/Pr5100, the above requirement is sa
isfied. It is anticipated that a small density ratio~i.e., Rr→1!

-

IP license or copyright, see http://ojps.aip.org/phf/phfcr.jsp
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1884 Phys. Fluids, Vol. 10, No. 8, August 1998 T. M. Özgökmen and O. E. Esenkov
will result in a faster development of fingers than a lar
density ratio~i.e.,Rr→KT /KS), because the former is grav
tationally less stable.

The following relation gives an approximate length sc
of the fastest-growing fingers in the case of a linear equa
of state~cf. Kunze5!:

L

l
5

1

2pFL

h
RaS 12

1

Rr
0D G 1/4

,

wherel is the wavelength of the fastest-growing fingers a
h is the thickness of the salt finger interface. The Rayle
number is Ra513106 in these experiments. The thickne
of the interface between the two layers is 20% of the ho
zontal extent of the domain. Hence, the above relations
yields six pairs of fingers. However, experiments carried
with five and seven pairs showed similar growth rates, wh
the growth rate decreased for smaller and larger wave n
bers. For a better numerical resolution of the fingers, we
to initialize the system with a perturbation with wave numb
5. These perturbations are applied to salinity fields only~Fig.
2!, because the temperature field diffuses quickly and eli
nates the initial perturbations.

The integrations are carried out with a resolution of 2
grid points in each direction, so that the horizontal resolut
of the fingers is approximately 20 points. In order to ass
that this numerical resolution is sufficient for the purpose
the present study, lower resolution experiments are also
formed with twice the grid spacing~not shown!, which indi-
cated essentially the same results as those discussed b
The aspect ratio of the domain isLz /L52 to allow space in
the vertical for the fingers to evolve. Hence,nz52nx in
order to take computational advantage of the finger sha
The parameters of the experiments are listed in Table I.

The boundary conditions on the left and right boundar
are periodic. At the top and bottom, the boundary conditio
are free-slip and no vertical mass flux (z50, cx50!. Fur-
thermore, no heat and salt fluxes are allowed across t
boundaries~i.e., Tz50, Sz50!. These boundary condition
are preferred because they prevent any import or expor
energy into the model domain during the evolution of t
system. The integrations are terminated before the fing

FIG. 2. Initial distributions for~a! temperature and~b! salinity fields. The
contour interval is 0.1 in nondimensional units.
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interact with the vertical boundaries so that the effect
these boundaries on the interior dynamics is not significa

V. NUMERICAL EXPERIMENTS

The initial evolution of fingers is explored as a functio
of the parametere. Three experiments are conducted wi
e50, e51, ande53. The first experiment incorporates
linear equation of state and serves as a reference case. I
second experiment, the contribution of the nonlinear term
the equation of state is as large as that of the linear term
temperature. Finally, in the third case, the nonlinear te
dominates the linear term. Such large contributions of
nonlinear term can be achieved physically by increasing
temperature difference between the two layers, provided
the salinity difference is increased accordingly in order
preserve the density ratio. Laboratory experiments with
similar range of the nonlinearity parameter values have b
carried out by McDougall.10,11 A nonlinearity parameter of
O(1) can be obtained typically with a temperature differen
of about 10–20 °C and a salinity difference of about 2%–5
between the upper and lower layers~for additional details on
the laboratory setup, the reader is referred to McDougall11!.

A. Growth of fingers

The density distributions corresponding to the init
conditions are illustrated for all three cases in Fig. 3. As
parametere increases, the stabilizing effect of temperature
enhanced and the interface becomes more stably strati
Consequently, one can expect a slower evolution of fing

TABLE I. The common parameters of the numerical experiments. Th
experiments are conducted withe50, e51, ande53.

L 1
Lz 2
Pr 7
Sm 700
Rr 1.8
Ra 13106

Resolution 2012

FIG. 3. Initial distributions of the nondimensional densityr52T
2 (e/2) T21S/Rr for experiments with~a! e50, ~b! e51, ~c! e53 ~CI
50.1!.
IP license or copyright, see http://ojps.aip.org/phf/phfcr.jsp
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FIG. 4. ~a! Positions of the upper and lower mixed-layer/finger interfaces,~b! total finger zone thicknessh/L, and ~c! nondimensional growth rate
s5h21dh/dt versus time for all experiments.
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when the nonlinear term is included. Furthermore, Figs. 3~b!
and 3~c! show that the density decreases faster toward
upper interface.

For the initialization, it is opted to fix the local densit
ratio to 1.8 at the bottom of the finger zone in the pres
series of simulations. Consequently, the density ratio
creases in the upward direction along the finger zone for
nonlinear cases. Alternatively~as suggested by a reviewer!,
one can choose a nonlinear temperature distribution so a
make the local density ratio the same at the top and
bottom of the interface. Numerical experiments conduc
with these initial conditions~not shown! demonstrate tha
vertical diffusion of temperature takes place faster than
growth of fingers such that the temperature profile becom
linear and the subsequent evolution of the fingers is not s
stantially different from those presented below.

The growth of the finger instability is depicted in Fig.
Figure 4~a! shows the positions of the lower and upper int
faces between the finger zone and the mixed layers fo
experiments. The initial development of the interface is
same for all cases, since it is associated with the diffus
adjustment from the initial conditions before the onset of
finger instability. There is then a transition to a faster grow
of the interface, indicating the start of the finger instabili
For e50, this process is identical at the upper and low
interfaces, while for the nonlinear cases, the onset of
finger instability is delayed. Furthermore, there is an off
between the upper and lower interfaces; the transition to
Downloaded 24 Apr 2002 to 129.171.98.37. Redistribution subject to A
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growth begins earlier at the lower interface, and the grow
is faster than at the upper interface. Both trends are con
tent with the behaviors discussed above.

Figure 4~b! shows the change of the finger zone thic
ness in time. Initial diffusive growth (0<t<0.02) is a result
of small initial perturbations~Fig. 2!, which do not protrude
into the reservoirs. The initial adjustment is followed by
rapid growth of the finger zone~for approximately 0.02,t
<0.05). Piacsek and Toomre6 observed an exponentia
growth followed by a linear growth in their numerical simu
lations. A similar transition is captured in the present sim
lations.

The growth rates5h21dh/dt ~whereh is the thickness
of the finger zone! is plotted in Fig. 4~c! for all cases. For
reference, the growth rate as calculated from the analyt
model of Schmitt4 is also plotted as a function of the varyin
temperature gradient. The initial growth rate is predict
well by the formula derived in Schmitt.4 However, at later
stages, the present simulation~i.e., only the case withe50 is
applicable! departs from the analytical prediction by rough
a factor of 2. This is due to two reasons:~i! Schmitt4 assumes
constant background temperature and salinity gradie
whereas in the present numerical simulations, the mean t
perature and salinity gradients are determined in conjunc
with the evolution of the fingers.~ii ! The z-dependence is
neglected in Schmitt4 as in most analytical models. As it i
discussed in Sec. V B, the formation of complex flow stru
tures such as blobs at finger tips and their complicated in
IP license or copyright, see http://ojps.aip.org/phf/phfcr.jsp



om

he
si

.
,

th
it
se
e
gy

o

r
-
r
h
he
sa

ni
m
as
flo
ve
ad
re
ire
n
u
w

m

s
e

te

th

-
II,
e
n-

at
e
r

e
ag

1886 Phys. Fluids, Vol. 10, No. 8, August 1998 T. M. Özgökmen and O. E. Esenkov
action with the reservoirs contribute to the differences fr
the predictions of the analytical studies. Figure 4~c! indicates
that the growth rate is affected by the nonlinearity in t
equation of state; the growth rate decreases with increa
nonlinearity parametere.

The build-up of vertical kinetic energyw2/2 of the fin-
gers throughout the numerical integration is plotted in Fig
@the velocity field is (u,w)5(2cz ,cx)#. For the linear case
both descending~solid line! and ascending fingers~dashed
line! have identical developments in kinetic energy, and
conversion of the potential energy available in the salin
field begins earlier and is faster than in the nonlinear ca
As the nonlinearity parametere increases, the onset of th
finger instability is delayed, the rate of kinetic ener
build-up decreases, and the ratio of the kinetic energy
descending over ascending fingers increases.

Salinity, temperature and density fields for all runs a
exhibited in Fig. 6 fort50.075, when the numerical integra
tion for the linear case (e50) is terminated before the finge
tips interact with the vertical boundaries of the domain. T
most striking element in this figure is the variations in t
shapes of salt fingers that are particularly visible in the
linity plots @Figures 6~c!, 6~f!, 6~i!#. Salinity is preserved
along the fingers whereas heat is diffused, making sali
suitable for the visualization of the fingers. For the sa
reason, the stabilizing effect due to temperature decre
along the fingers, and this leads to an acceleration of the
along the fingers. The mass within the fingers is conser
because there is insignificant mass exchange between
cent fingers that maintain a quasi-laminar flow structu
Therefore the thickness of the fingers decreases in the d
tion of the flow. The finger tips show signs of evolutio
toward blobs characterized by dipolar vortices. Such str
tures are generic flow patterns that tend to appear in t
dimensional systems via the self-organization of the flow16,17

FIG. 5. Vertical kinetic energyw2/2 versus time for all experiments. Th
solid lines and the dashed lines show the vertical kinetic energy aver
over all descending and ascending fingers, respectively.
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and that correspond to the most probable stable equilibriu
state maximizing entropy.18 These blobs also play an impor-
tant role in fingers reaching a finite amplitude, when blob
regularly detach from the tips of the fingers, keeping th
extent of the finger zone at a statistically steady state.3,9 The
present simulations have not reached an equilibrium sta
~e.g., Fig. 4! and do not display any blob-shedding during the
simulation period.

As the nonlinearity parametere increases, the descend-
ing fingers progressively become faster and narrower wi
respect to the ascending fingers@Figs. 6~f! and 6~i!#. The
difference in buoyancy forcing acting initially on the ascend
ing and descending fingers was demonstrated in Sec.
which indicated faster growth for descending fingers. For th
linear case, the evolution of ascending and descending fi
gers is entirely symmetric@Fig. 6~c!#, and it is faster than the
nonlinear cases. After simple algebra, it can be shown th
the difference between buoyancy forcing acting on th
downward-growing fingers in the nonlinear and the linea
cases is proportional to

ed

FIG. 6. The density, temperature and salinity fields, respectively, fore50
~a!–~c!, e51 ~d!–~f! ande53 ~g!–~i!, at t50.075~CI50.1 for density and
temperature, and 0.2 for salinity!.
IP license or copyright, see http://ojps.aip.org/phf/phfcr.jsp
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FIG. 7. Background gradientsT̄ ~solid line! and S̄ ~dashed line! for ~a! e50 and~b! e53 at t50.075.
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~rd2r2!nonlin2~rd2r2! lin

5g@~T22T0!22~T12dT2T0!2#,

where the notations are the same as those in Sec. II. S
T12dT.T2, the right-hand side of the above expression
negative, indicating stronger buoyancy forcing in the line
case. The numerical results presented in Figs. 4–6 con
this statement.

B. Vertical distribution of properties

The differences induced by the nonlinearity parametee
on the evolution of the fingers are investigated by analyz
the distribution of the background gradientsT̄(z) and S̄(z)
~where the overbar indicates the horizontal mean! and of the
velocity, temperature, salinity and density perturbatio
~from the horizontal mean!. The perturbations are calculate
over the ascending and descending fingers separately,
the nonlinearity leads to an asymmetry in relation to
direction of flow ~Fig. 6!. Comparisons are made betwe
the linear case (e50) and the highly nonlinear cas
(e53).

1. Mean T and S gradients

Figure 7 illustrates the background gradients avera
over fingers growing in opposing directions at the end of
simulation period (t50.075) for e50 ande53. The tem-
perature distribution is dominated by high diffusion. Ascen
Downloaded 24 Apr 2002 to 129.171.98.37. Redistribution subject to A
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ing ~descending! fingers warm up~cool down! along the fin-
gers, gradually reaching the reservoir temperatures
leading to an approximately linear gradient in the vertic
@Fig. 7~a!#. In the nonlinear case@Fig. 7~b!#, the temperature
gradient in the lower blob region (0.3<z<0.7) is much less
than in the interior finger zone due to enhanced diffusi

The S̄(z)-distribution in the linear case@Fig. 7~a!# indicates
the presence of two distinct regions: an interior gradient
gion (0.7<z<1.3) and blob regions above and below. T
large vertical variations in the finger thickness appear to
fect the salinity gradients significantly. Below~above! the
middle of the domain, thicker ascending~thicker descending!

fingers dominate, which tend to reduce~increase! S̄. This

effect contributes to the positive gradient ofS̄ in the vertical
direction. However, blobs at the tips of ascending~descend-

ing! fingers act to decrease~increase! S̄ because of the in-
crease in structure thickness. This effect reduces the inte
background salinity gradient. The actual density ratio in
interior region is approximately twice the specified val
(Rr51.8) at this stage. Therefore the presence of bulb
finger tips appears to slow down the growth of the fingers
increasing the density ratio, and may explain part of the
viation from the theoretical estimate@Fig. 4~c!#. Unlike the
linear case, the asymmetry in the nonlinear case is cle

evident in Fig. 7~b!. The S̄ curve shifts toward lower value
with respect to the linear case, which indicates the do
l the
FIG. 8. Vertical velocityw8 for ~a! e50 and~b! e53 at t50.075. The solid~dashed! line denotes the horizontal averages of the perturbations over al
descending~ascending! fingers in the vertical direction.
IP license or copyright, see http://ojps.aip.org/phf/phfcr.jsp
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FIG. 9. Temperature perturbationT8 for ~a! e50 and~b! e53 at t50.075. The solid~dashed! line denotes descending~ascending! fingers.
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nance of ascending fingers carrying lowerS8 values over
descending fingers~ascending fingers are much thicker th
their descending counterparts!.

2. Vertical velocity

The distribution of the vertical velocity is depicted
Fig. 8. Since there is no mean vertical motion,w85w. The
distribution of w8 basically reflects the shape of the finge
as the exchange of mass between the fingers is neglig
Near the entrance region to the fingers@Fig. 8~a!#, the verti-
cal velocity is high due to the narrow entrance caused
bulbous finger tips on both sides. The vertical velocity
reduced upon passing the finger tips and increases again
to narrowing of fingers. For descending fingers in the n
linear case, the entrance velocity is reduced@Fig. 8~b!# be-
cause bulbs do not form at the finger tips of the ascend
fingers@Fig. 6~i!#. However, the entrainment velocity into th
ascending fingers is still large due to the narrow entra
between the bulbous finger tips of sinking fingers. In t
finger zone, the vertical velocity in descending fingers
larger than in ascending fingers.

3. Temperature perturbation

The temperature perturbationT8 is small near the reser
voirs ~Fig. 9!, because the water parcels entering the fing
have a temperature close to the reservoir temperatures, w
the water parcels at the finger tips have already reached
reservoir temperatures due to diffusion along the fingers.
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a highly diffusive case,T8 would be small and would follow
the T̄ curve closely. Deviations from the mean gradie
therefore measure the dominance of advective over diffus
processes. The magnitude ofT8 reaches a maximum in th
middle of the domain in the linear case@Fig. 9~a!#. For the
nonlinear case@Fig. 9~b!#, the temperature perturbationT8 in
ascending fingers is smaller than in descending fingers
two reasons:~1! the geometric factor; ascending fingers a
thicker than descending fingers, biasingT̄ toward colder tem-
peratures; and~2! the diffusive factor; in the finger zone, th
ascending fingers have a slower vertical speed, allow
more time for heat diffusion.

4. Salinity perturbation

Unlike temperature, salinity along the fingers is rough
preserved, and this is reflected by an immediate jump at
finger zone~Fig. 10!. The S8 distribution is affected by the
shape of the fingers. For the linear case@Fig. 10~a!#, S8 is
highest in the middle of the domain (z51) where ascending
and descending fingers have the same thickness.S8 is
slightly less than 0.5~maximum value! due to the presence
of narrow salinity boundary layers. Near the entrance,S8 is
smaller than in the middle becauseS̄ is higher ~lower! for
descending~ascending! fingers. In theS8 distribution for the
nonlinear case@Fig. 10~b!#, only the geometric factor plays
role. This effect leads to a higher salinity perturbation
descending fingers, as explained above.
FIG. 10. Salinity perturbationS8 for ~a! e50 and~b! e53 at t50.075. The solid~dashed! line denotes descending~ascending! fingers.
IP license or copyright, see http://ojps.aip.org/phf/phfcr.jsp
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FIG. 11. Density perturbationr8 for ~a! e50 and~b! e53 at t50.075. The solid~dashed! line denotes descending~ascending! fingers.
el
pe
ne
c

i
di
t-
is
e

e
he
it

te
po

b
ea
gh

ar

by

he
d
lin-

o
ux

re
in

te
m-
s-

m
tem
te-

in-

m-
de-

ding
ing
5. Density perturbation

The density-perturbation distribution~Fig. 11! is propor-
tional to the net buoyancy forcing acting on the fluid parc
in the fingers. In the entrance regions, the temperature
turbation is small, and the density perturbation is determi
by the salinity perturbation. This leads to a large buoyan
force acting on the fluid parcels entering the fingers@Fig.
11~a!#. For the nonlinear case, the density perturbations
descending fingers are in general larger than in ascen
fingers@Fig. 11~b!#, resulting in a larger buoyancy force ac
ing on the fluid parcels in the descending fingers. As d
cussed in Sec. II, this is the cause of the asymmetry betw
the rising and sinking fingers.

6. Flux ratio

The flux ratio RF5aFT /bFS , where FT5w8T8 and
FS5w8S8 are the advective heat and salt fluxes, resp
tively. It is the ratio of the potential energy gained by t
temperature field to the potential energy lost by the salin
field. It must be less than unity, since otherwise the sys
would be gaining energy. The diffusive processes trans
heat more rapidly than salt, but since the system is driven
the salt distribution, the fingers transport more salt than h
Hence,RF approaches unity when diffusive transport is hi
and advective transport is small. Lower values ofRF are
associated with vigorous finger activity. The values ofRF

obtained in laboratory experiments for heat-salt fingers v
Downloaded 24 Apr 2002 to 129.171.98.37. Redistribution subject to A
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considerably, from 0.4 to 0.8, in experiments carried out
Turner,19 Schmitt,12 McDougall and Taylor,20 and Taylor
and Buchens.21

The flux ratio in our linear experiment at the end of t
simulation period (t50.075) is plotted in Fig. 12, average
over ascending and descending fingers separately. In the
ear case@Fig. 12~a!#, RF ranges approximately from 0.35 t
0.5 in the finger zone excluding the blob region. The fl
ratios for both ascending and descending fingers fore53 are
exhibited in Fig. 12~b!. Lower values ofRF for descending
fingers indicate a higher downward flux of density, and a
associated with more vigorous finger activity. This is
agreement with our previous results.

VI. SUMMARY AND CONCLUSIONS

The impact of the nonlinearity in the equation of sta
due to change of the thermal expansion coefficient with te
perature on the evolution of double-diffusive fingers is inve
tigated. The initial evolution of the fingers that grow fro
the interface between two mixed layers in a heat-salt sys
is considered. We have employed a numerical model in
grating the two-dimensional equations of motion for an
compressible, Boussinesq fluid.

An increase in the nondimensional nonlinearity para
etere acts to enhance the buoyancy force acting on the
scending fingers with respect to that acting on the ascen
fingers, which results in a faster development of descend
FIG. 12. The flux ratioRF for ~a! e50 and~b! e53 at t50.075. The solid~dashed! line marks the horizontal averages over all the descending~ascending!
fingers.
IP license or copyright, see http://ojps.aip.org/phf/phfcr.jsp
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fingers than of ascending fingers. Also, the results dem
strate that the descending fingers become narrower than
ascending fingers.

In the present series of simulations, it is shown that
nonlinearity slows down the growth rate of the fingers. A
other factor contributing to this result is the initializatio
choice to fix the actual density ratio to a specified value
density ratio at the bottom of the gradient zone. This p
vents any possible gravitational instability at the bottom
the gradient zone, but also leads to slower growth rate for
nonlinear cases since the density ratio for those is hig
than that for the linear case. However, experiments c
ducted with nonlinear initial temperature profile so as
make the local density ratio the same at the top and bot
of the interface do not substantially differ from those p
sented in this paper. This further substantiates that the do
nant factor leading to asymmetric fingers is the nonlinea
in the equation of state rather than asymmetric initial con
tions.

The results also indicate high vertical variability alon
the fingers, which has been disregarded for simplicity
most previous analytical studies. The change in the fin
thickness due to the acceleration of the flow along the
gers, as well as the interaction of bulbous finger tips with
reservoirs, play an important role during the initial evoluti
simulated in the present study. The results indicate that
bulbous finger tips interact with the interior finger zone
such a way that the salinity gradient is reduced, which th
causes an increase in the density ratio and decrease
growth rate of the fingers.

We have only focused on the initial evolution of th
fingers, with special emphasis on the structure of the in
vidual fingers. The investigation of the finite amplitude b
havior of the system consisting of mixed layers and fin
interfaces requires a significantly larger domain and a lon
integration period~e.g., Özgökmenet al.9!.
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