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a b s t r a c t
To understand the near-ﬁeld dynamics of blowout plumes such as the one produced by the 2010 Deepwater
Horizon oil spill in the Gulf of Mexico, the effects of gas bubbles on turbulent mixing and entrainment are
studied via turbulence resolving simulations. We compare the evolution of three plumes where extremely
large buoyancy anomalies are produced either thermally (single phase), solely by an imposed gas phase volume fraction, or by a combination of both buoyancy forcings. The plumes, with identical volume, momentum
and buoyancy ﬂuxes at the inlet, are released into an environment stratiﬁed with a constant temperature
gradient. To clarify the ﬁrst-order effects of dynamically active, dispersed bubbles, we employ a simple model
which neglects the momentum of the gas phase while retaining bubble induced buoyancy in the seawater
momentum equation. The gas phase is then distinguished by a single, measurable parameter, the slip velocity
relative to that of the liquid phase. We ﬁnd that bubbles, parameterized simply by a constant slip velocity,
without any explicit assumptions of direct bubble induced turbulent production, signiﬁcantly increase turbulent mixing in the plume in agreement with previous experimental results. Examination of mean momenta
and turbulent kinetic energy budgets shows that the increased turbulence is due to direct modiﬁcation of the
mean proﬁles of both the momentum and the active scalar ﬁelds by the slipping gas phase. The narrowing of
the active scalar ﬁeld in the two-phase ﬂow results in larger direct buoyancy production of turbulent energy
at all vertical levels. The turbulence production is, however, primarily mechanical. At modest values of z/D,
where the slip velocity is only a small fraction of the liquid phase velocity, slip stretches the mean vertical
velocity ﬁeld producing larger radial gradients and increased conversion of mean to turbulent energy. This
ﬁrst order effect, acting on the mean vertical velocity component and not directly on the turbulence, implies
that even relatively small gas volume fractions signiﬁcantly enhance turbulent mixing with respect to a single
phase plume.
© 2015 Elsevier Ltd. All rights reserved.

1. Introduction
This work, motivated by the 2010 Deepwater Horizon (DwH)
incident in the northern Gulf of Mexico, focuses on modeling and
simulating the near-ﬁeld region of ﬂows driven by the extreme buoyancy ﬂuxes typical of deep water oil well blowouts (Camilli et al.,
2010). Deepwater blowout plumes are formed by the sustained point
release of a hot, multiphase wellhead mixture through the riser
pipe. The resulting buoyancy ﬂux, released into a stratiﬁed ﬂuid, was
∗
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thermally equivalent to B0 = O(1 GW) in the Deepwater Horizon case
(McNutt et al., 2011). The magnitude of the buoyancy anomaly, sustained over a period of months, and the extremely large range of
spatial scales involved (0.5 m source at 1500 m depth) implies that
these multiphase plumes are far from realizable laboratory conditions (Lima Neto, 2012). The extremely large, sustained buoyancy
ﬂuxes also imply that the wellhead convection problem has the potential to dynamically alter the larger scale, rotating and stratiﬁed
environment.
The DwH release underscored the need for rapid and informed
response to such events. An integral part of that response is the prediction of both the distribution of hydrocarbon eﬄuent throughout
the water column and the eventual form of its expression at the ocean
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surface. Since the near-ﬁeld turbulent entrainment plays a critical
role in the evolution of the plume buoyancy, mass and momentum
ﬂuxes, understanding and modelling multiphase plume dynamics in
the vicinity of the release is potentially critical to accurate prediction of the near-surface pollution transport problem over of the last
mile, where the spill encounters the public. The inlet buoyancy ﬂux
generates a strongly turbulent buoyant plume in which sea water entrained from the environment is mixed with the plume core ﬂuids
as they move along the water column. The evolution of the plume is
strongly affected by the level of turbulent mixing and entrainment in
the near-ﬁeld with the ‘entrainment coeﬃcient’ being the main parameter in classic integral solution approaches (Morton et al., 1956).
It is well-known that the presence of a gas phase changes the turbulent transport properties, with bubble plumes typically exhibiting
larger turbulence levels (McDougall, 1978; Milgram, 1983). There are
distinct differences in the along-column eﬄuent distribution in single and multiphase cases (Asaeda and Imberger, 1993; Lemckert and
Imberger, 1993). The effects of bubbles on turbulent dynamics are
studied here by comparing plumes distinguished only by the phase
distribution of the (ﬁxed) inlet buoyancy ﬂux, either thermal (single
phase) or due to the presence of gas (multiphase).
Modeling in complete, accurate detail, the physicochemical dynamics of the high pressure release of hot, multicomponent, multiphase eﬄuent into a stratiﬁed, turbulent ocean environment is beyond our present theoretical and computational abilities. As in the
case of the DwH incident, both short and intermediate term prediction and analysis of any future event will rely on simpliﬁed models
for which there is existing literature. How the validity of underlying
assumptions and the values of explicit parametrizations in simpliﬁed
models change when such models are scaled up from the laboratory
to the environment requires careful examination of the many physical
and chemical processes involved.
Given their environmental and industrial importance, buoyant
plumes have been the focus of considerable study. Schmidt (1941)
presented an earlier dimensional analysis of thermal plumes, and the
problem has attracted the attention of Batchelor (1954), Morton et al.
(1956), Turner (1973; 1969) and others. Many of these efforts represent the depth dependence bulk plume measure, like momentum
and buoyancy ﬂux, in terms of the basic system parameters. Turner
discusses several laboratory experiments in support of the scaling
laws. List and Imberger (1973) is an early reference on plumes in
stratiﬁed environments, pointing out the creation of intrusion layers.
McDougall (1978) performed perhaps the ﬁrst experiments of two
phase convective systems, discussing the presence of dual plumes.
Classiﬁcation of bubble plume experiments and observations appear in Lemckert and Imberger (1993), Socolofsky et al. (2002) and
Socolofsky and Adams (2005). Classical modeling efforts directed at
oil spill prediction have been posed as a Lagrangian problem, in which
integral plume measures, like momentum ﬂux and centerline trajectory were computed (Zheng and Yapa, 2003). These have been tested
against laboratory and limited ﬁeld experiments and have demonstrated skill. In all cases, the equations are closed by relating the
turbulent radial ﬂux to the characteristic mean vertical velocity via
an entrainment coeﬃcient (Morton et al., 1956). Enhanced turbulent mixing of vertical momentum due to multiphase physics is typically modelled by a larger momentum ampliﬁcation factor, reducing
the vertical momentum growth rate in comparison to single phase
plumes.
The goal of the present work is to understand and quantify, in the
context of turbulence resolving simulations, basic physical properties of plumes driven by the extreme values of the expected buoyancy ﬂux in a deepwater blowout. This ﬁlls a signiﬁcant gap in our
present knowledge of deep spills, speciﬁcally the role played by the
gas in increasing the turbulent mixing. The DwH blowout involved
both oil and gas escaping from the well head (McNutt et al., 2011).
As a ﬁrst step, we isolate the effect of bubbles on the turbulence by
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considering idealized situations where admittedly important physicochemical phenomena (hydrate formation, dissolution or biodegradation) are neglected and the input buoyancy is due solely to thermal
and gas contributions. Given that it is not possible in such incidents
to determine the exact proportions of oil and gas involved at speciﬁc
instances or periods, we explore distinctions in the turbulent behavior of plumes produced by varying the relative importance of the inlet
gas buoyancy contribution. Such idealized cases are closer to the ﬂow
conﬁguration used in most experimental studies of bubble plumes
but differ signiﬁcantly in the magnitude of the inlet buoyancy ﬂux.
Moreover, to our knowledge there are no experimental observations
of the combined effects of thermal and gas sources. Laboratory experiments of bubble and oil plumes face a number of challenges. Usually
the tank size is limited in the vertical direction and the reﬂection of
the plume from the upper boundary can change the ﬂow ﬁeld signiﬁcantly. Due to box-ﬁlling problems, limited tank size necessarily
limits both the inlet oil ﬂux and the overall time scales of experiments. To attain ﬂows that are highly turbulent, nozzle sizes used in
the laboratory are typically on the order of a few millimeters. Even
then, the observation period for measurements is typically minutes
(Brandvik et al., 2013; Johansen et al., 2013). It is unclear how representative plumes from such small nozzles are for the real oceanic
case. Finally, we are not aware of laboratory experiments of hybrid
(bubble and oil) plumes and highly-parameterized models do not allow direct exploration of the details of the turbulent behavior in such
cases.
Computationally, signiﬁcant efforts have been devoted to the
study of multiphase plumes at oceanographic scales in the context of
CO2 sequestration (Alendal and Drange, 2001; Sato and Sato, 2002).
These studies emphasize the effects of physico-chemical phenomena on overall plume behavior using standard eddy-viscosity and
eddy-duffusivity models to account for turbulent transport. Characterization of the differences in the turbulent mixing between single
and multiphase plumes requires explicit resolution of ﬁner scale motions. This is particularly important for plumes where differences in
near-ﬁeld turbulent entrainment processes signiﬁcantly inﬂuence far
ﬁeld behavior and, consequently, the overall distribution of eﬄuents
in the water column including the fraction of eﬄuent reaching the
ocean surface.
While complete spatial and temporal descriptions via direct numerical simulations are typically unfeasible even for laboratory scale
plumes, large-eddy simulations (LES) of bubble plumes have been
conducted (Buscaglia et al., 2002; Deen et al., 2001; Niceno et al.,
2008) using ﬁnite-difference or ﬁnite-volume discretizations to explicitly resolve the largest, most energetic scales while parametrizing
sub-grid scales by Smagorinsky models. In this work the approach is
slightly different: instead of low-order spatial discretizations, we use
high-order spectral element methods characterized by exponential
convergence. In lieu of explicit Smagorinsky models, the speciﬁcs of
which are still uncertain for bubbly ﬂows (Dhotre et al., 2013), we
adopt an alternate approach based on spectral ﬁltering (Karamanos
and Karniadakis, 2000; Koal et al., 2012). Progressive ﬁltering of the
highest modes of the Legendre polynomial approximations is equivalent to a hyperviscosity subgrid-scale model whose inﬂuence is explicitly conﬁned to near-grid scale processes (Boyd, 1998; Fischer and
Mullen, 2001). This approach has been shown to maintain spectral accuracy with increasing resolution and provide resolution independent
solutions. The computational eﬃciency afforded permits the explicit
resolution of a larger range of spatial scales.
For large-scale plumes, adequate turbulence resolution, in reasonable time, on available computational resources requires both limiting the vertical extent of the domain and simplifying the full multiphase equation set. Starting from the conservation equations for
multiphase systems, following (Sokolichin et al., 2004), we derive a
simpliﬁed, Boussinesq model by neglecting the momentum carried by
the gas which is much smaller than that of the liquid phase. Even with
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this simpliﬁcation, open questions remain concerning the details of
dispersed phase modelling of liquid-gas systems. Bubbles in a turbulent ﬂow can be subjected to a wide variety of phenomena that may
signiﬁcantly affect the overall dynamics. Bubble breakup and coalescence, bubble oscillation and rotation and other bubble–bubble and
bubble–liquid interactions have been explicitly modeled as bubble
induced turbulence (Clift et al., 1978; Dhotre et al., 2009; Sato et al.,
1981; Tomiyama, 1998). Although there are numerical studies devoted to understanding the physics behind these processes (Esmaeeli
and Tryggvason, 1998; 1999; Fox, 2012; Kuwagi and Ozoe, 1999),
proper parameterization and modeling remains unclear (Sokolichin
et al., 2004). In a typical environmental blowout, with reasonably
small gas volume fractions at the inlet, effects associated with individual bubbles are expected to be small given the levels of local shear
produced by the large buoyancy ﬂux at the inlet and the expected
small bubble diameters (Lima Neto et al., 2008a). Accordingly, we
argue that the most relevant parameter in the ﬁrst order physics of
dispersed bubbles is the slip velocity of the gas phase relative to the
liquid. Here we simply set this parameter to a constant value consistent with that reported in experimental plumes (Lima Neto et al.,
2008b; Simiano, 2005), numerical simulations (Dhotre et al., 2009)
and estimations of the rise velocity for gas bubbles during the DwH
spill (Socolofsky et al., 2011).
The current model, with relatively minor modiﬁcations, can be
used for a wide range of oceanographic multiphase plume problems.
In particular, and perhaps most importantly, oil phase buoyancy contributions can be explicitly divorced from the thermal ﬁeld by considering a mixture model for the liquid phases. Physicochemical effects
can be modeled via evolving distributions of slip velocities (Lima Neto
et al., 2008b) and extensions to the study of multiple intrusions in the
water column (Asaeda and Imberger, 1993; Socolofsky and Adams,
2003; 2005) and rotating systems (Helfrich, 1994; Julien et al., 1999)
are possible.

2.1. Multiphase plumes
Equations describing the evolution of a mixture of ﬂuids, each
member of which is denoted by the subscript k, are introduced. By
expressing in the continuum limit the transport equations obtained
using the Volume of Fluid approach, we avoid here the subtleties of
working with discrete phases in deriving a set of partial differential
equations (Buscaglia et al., 2002).
The mass conservation equation for phase k can be written as
(1)

where t is time and ρ k , α k and ũk = [ũ, ṽ, w̃]k are density, volume
fraction and Cartesian velocity ﬁeld for the phase k respectively. The
assumption of continuous phase distributions is implicit in (1).
Similarly, the momentum equation for the phase k is


D 
αk ρk ũk = −αk ∇ p + ∇ · αk τ k + αk ρk g + Mk ,
Dt

Mk = 0,

(4)

The gas at the well head is dominantly methane which at 1200 m
is approximately ρ b = 80 kg m−3 , as compared to seawater at
ρ 0 = 1050 kg m−3 . During ascent, the pressure on the bubble changes
dramatically. Approximating the gas state equation by the ideal gas
law results in an expansion of the bubble that may alter the value
of the slip velocity (Lima Neto et al., 2008b). For much of the ﬂuid
column this is a small effect. For example, moving from 1000 m to
500 m reduces the pressure by half, resulting in a radial expansion
of 21/3  1.3. At the same time, the methane will dissolve into the
seawater and be consumed by microbes (Crespo-Medina et al., 2014),
effects that will reduce bubble volume. Biogeochemistry effects
(Yapa and Dissanayake, 2012) are not considered explicitly in this
work and instead the gas slip velocity is assumed to be constant. In
any case, gas density is small relative to ﬂuid density, ρ b /ρ 0  1.
In these simulations, we adopt a simple seawater equation of state

ρl = ρ0 + ρl = ρ0 [1 − β(T − T0 )] ,

(3)

k

i.e. viscous interactions within the ﬂuid do not affect the bulk momentum.

(5)

ρl

where the T and
stand respectively for temperature and liquid
density ﬂuctuation with respect to the reference state, T0 and ρ 0 , corresponding to the unperturbed seaﬂoor conditions. β = 2 × 10−4 K is
the sea water thermal expansion coeﬃcient. This is only for convenience; extensions to full equations of state are straightforward. It is
also useful to write the temperature T as
(6)

where θ represents the temperature anomaly obtained after subtracting the background stratiﬁcation proﬁle T0 +  (z). In this work we
assumed a linear proﬁle  (z) = ζ z with slope ζ = 0.05 K m−1 . Typical
stratiﬁcation slopes are O(0.01 K m−1 ) (Dehaan and Sturges, 2005).
Thus, the equation of state (5) for seawater is

ρl = ρ0 [1 − β(θ + ζ z)] .

(7)

2.2. Mass conservation for the liquid phase
Although volume gas fractions may be signiﬁcant at the well head,
it is assumed that they reach low values rapidly so that α l = 1 − α b 
1 and (1) can be written as

∇ · ũl ≈ 0,

(8)

where the validity of the above can be assessed by adding the mass
conservation for the two phases



(2)

where p is pressure, usually taken to be equal in each phase (Drew,
1983),  · α k τ k are the molecular and turbulent diffusive terms for
phase k, g = −9.8k̂ m s−2 is the gravity acceleration vector aligned
with the vertical coordinate z and D/Dt = ∂ /∂ t + ũ · ∇ stands for the
material derivative. Any momentum transfer between phases is accounted in the Mk term and we require



ũs = ũb − ũl .

T = θ + T0 +  (z),

2. Mathematical model



∂
(α ρ ) + ∇ · αk ρk ũk = 0,
∂t k k

In this work it is assumed that there are only liquid and gas phases
identiﬁed as k = l, b respectively. Therefore, for a two-phase plume
α l + α b = 1 and Ml = −Mb . The bubble plume forms when the gas
phase is injected as a continuous stream into the liquid phase. The
bubbles rise through the liquid column faster than the liquid due to
the lower density of the gas. The difference between the velocities of
the two phases is known as the slip velocity ũs , i.e.







∇ · αl ũl + ∇ · αb ũb = 0.

(9)

Rearranging terms and assuming bubbles slip only in the vertical, (9)
becomes

∇ · ũl ≈ −ws

∂αb
.
∂z

(10)

Typical DwH plume velocities were O(1 m s−1 ) (McNutt et al., 2011)
and the plume lateral scales were meters. Bubble volume fractions
reduce from 0.5 to very small values over a few hundred meters, so a
conservative estimate of the scale error implied by the above is

ws αb,z
0.2 m s−1 0.5 10 m
≈
= .05  1.
200 m
∇ · ũl
1 m s−1

(11)
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2.3. Seawater momentum

2.5. Mass conservation of gas

Summing the momentum equations for each phase yields



D 
D 
αl ρl ũl +
αb ρb ũb = −∇ p +
Dt
Dt
∇ · αl τ l + ∇ · αb τ b + αl ρl g + αb ρb g,

The mass conservation for gas is

(12)

where by deﬁnition k Mk = 0. Assuming that bubbles carry a negligible amount of momentum, reﬂecting their very small masses relative
to seawater, (12) can be approximated as


D 
αl ρl ũl = −∇ p + ∇ · αl τ l + αl ρl g.
Dt

(13)

Adopting a traditional Boussinesq approach given that ρl /ρ0 = (1 −
αb )β(T − T0 )  0.15, the ﬁnal seawater momentum equations read

ρ0

Dũl
= −∇ p + ρ0 g + ∇ · τ l − αb ρ0 g − ρ0 β(T − T0 )g,
   


Dt
bubble

(14)

thermal

where the term αb ρl = −αb ρ0 β(T − T0 ) has been neglected
( αb ρl /ρ0  2%).
Introducing our temperature decomposition, (14) becomes

ρ0

Dũl
= −∇ p̃ + ∇ · τ l − αb ρ0 g − ρ0 βθ g,
     
Dt
bubble

(15)

thermal

where the pressure term has been redeﬁned as ∇ p̃ = ∇ p −


ρ0 g 1 − βζ z .
Note that in (15) there are two contributions to the buoyancy force,
one due to the presence of bubbles (bubble) and another one due to
temperature gradients in the liquid phase (thermal).




D 
αb ρb ũb = ∇ · αb τ b − αb ∇ p̃ + ρ0 g − ρ0 gβζ z + αb ρb g − Mb ,
Dt
(16)

ζ =

0.05 K m−1 and z = 30 m which is the extent of the computational
domain considered here). Note the explicit appearance of the interphase momentum transfer Mk in (16).
Neglecting bubble inertia (consistent with their small mass) and
internal gas friction, (16) can be approximated by
(17)

Gas/seawater momentum exchange is typically modeled using a drag
law (Yapa and Dissanayake, 2012), i.e.

Mb = −

3
C
αb ρ0 D ũs |ũs | ,
4
db

ws =

ũb = ũl + ũs − Db

∇αb
,
αb

(21)

where Db is taken to be a constant diffusivity coeﬃcient and (20)
yields



∂αb
∂αb
+ ∇ · αb ũl = Db ∇ 2 αb − ws
.
∂t
∂z

(22)

2.6. Energy conservation

(23)

where Dθ is taken to be a constant diffusivity coeﬃcient. The diffusivity and slip velocity are the only differences between the two active
scalars T and α b , although molecular diffusion will be demonstrated
to have a negligible impact. Using the decomposition in (6), (23) yields



∂θ
+ ∇ · θ ũl = Dθ ∇ 2 θ − wl ζ .
∂t

(24)

The transport equations can be then non-dimensionalized using
a velocity, length and temperature scales Us , Ls and θ s respectively.
Denoting non-dimensionalized variables using the same symbols as
the dimensional ones above, the ﬁnal set of transport equations may
be written

∇ · ũl = 0,

(25)

1 2
Dũl
= −∇ p̃ +
∇ ũl + Rib αb k̂ + Riθ θ k̂,
Dt
Re

(26)



1
∂αb
∂α
+ ∇ · αb ũl =
∇ 2 αb − ws b ,
∂t
Peb
∂z

(27)



1
∂θ
+ ∇ · θ ũl =
∇ 2 θ − wl ζ ∗ .
∂t
Peθ

(28)

(18)

where CD is the drag coeﬃcient and db is bubble diameter. With CD =
0.47 for an sphere in a turbulent ﬂow (Roos and Willmarth, 1971) and
db = 2 mm,

4 gdb
≈ 0.23 m/s
3CD

(20)

where the gas phase velocity can be written as ũb = ũl + ũs + ũd
where ũd is the drift velocity (Simonin and Viollet, 1990). This term
has been used to account for the interaction between bubbles and
the inﬂuence of the liquid phase turbulence that is missed in the single bubble in a stagnant ﬂuid model in (18). By rewriting ũd using
the classical turbulent viscosity approach one may parametrize this
enhanced turbulent transport due to the presence of bubbles. However such closures are still far from being conclusive (Sokolichin et al.,
2004).
In this work the bubble model was intended to be kept as simple
as possible and no parametrization for additional turbulent transport
has been used. Therefore, the gas phase slip ũb is simply approximated
as

 
∂T
+ ∇ · T ũl = Dθ ∇ 2 T,
∂t

Momentum conservation (2) for gas is

ρ gβζ z
where the term ρ 0 gβζ z is negligible ( 0ρ g ≈ 3×10−4 for
0



∂
α ρ + ∇ · αb ρb ũb = 0,
∂t b b

The seawater temperature equation is

2.4. Gas slip velocity

Mb = −αb ρ0 g.

19

(19)

which is in agreement with the experimental slip velocities reported
in Simiano (2005) and, importantly, with the typical values for the
DwH (Socolofsky et al., 2011). Given the large Reynolds number expected at the inlet for deep water blowouts it is reasonable to assume
here a uniform bubble distribution and therefore a unique slip velocity value (Lima Neto et al., 2008b). The above replaces the momentum
equation for the second phase, a considerable simpliﬁcation and practical computational aid.

The non-dimensional parameters are the Reynolds number, Re =
Us Ls /ν , the bubble and thermal Péclet numbers, Peb = Us Ls /Db and
Peθ = Us Ls /Dθ respectively, and the bubble and thermal Richardson numbers, Rib = gLs /Us2 and Riθ = βθs gLs /Us2 respectively. Finally,
ζ ∗ = ζ Ls /θ s is the non-dimensional stratiﬁcation slope.

20
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2.7. Model summary
Eqs. (25)–(28) form a closed set for computing the dynamic evolution of multiphase buoyant plumes driven by the density defect due
to the presence of gas. Considering the mixture (liquid and dispersed
bubble phase) momentum eliminates the need for explicit models
of interphase stresses. Due to the very large difference in liquid and
gas densities, the contribution of the gas phase to the mixture momentum can be neglected and, following the Boussinesq assumption
(strictly valid only for small inlet gas volume fractions), density ﬂuctuations due to bubbles appear only as a buoyancy force (Sokolichin
et al., 2004). As such, the liquid phase velocity is non-divergent and
closure requires an evolution equation for the gas phase volume fraction. The gas phase continuity equation can be written in terms of the
computed liquid velocity and the relative (slip) velocity between the
phases. For bubble ﬂows (plumes, bubblers and aeration columns),
the value of this parameter is typically found from semi-empirical ﬁtting of the terminal rise velocity of single bubbles (Kuwagi and Ozoe,
1999; Schwarz and Turner, 1988; Sokolichin et al., 2004; Tomiyama,
1998). Since the rise velocity depends primarily on bubble size, the
slip velocity is assumed constant for mono-disperse bubble distributions, consistent with experimental observations (Simiano, 2005).
The major limitations of the model for investigating deepwater
blowouts involve (a) the need for relatively small values of inlet gas
volume fraction (the Boussinesq assumption) and (b) the lack of explicit physico-chemical processes (constant slip velocity or constant,
monodisperse bubble size). Although observations from the DwH incident have estimated gas volume fractions as high as 50% at the inlet
(McNutt et al., 2011), intense entrainment will lead to rapid decay of
the scalar. In addition, assuming incompressibility of the gas phase,
strict validity of the Boussinesq approximation requires only that the
vertical gradient of the gas volume fraction be small (see Eq. (11)).
As such, we expect this model assumption to be reasonable at small
downstream distances, in fully-developed plumes for even larger values of inlet gas volume fraction then those considered here.
Modelling the slip velocity as a single constant implies a monodisperse and constant bubble size distribution. In the absence of
consumption and dissolution, individual gas bubbles should expand
while rising, leading to an increased slip velocity. Very deep in the
ﬂuid, this expansion is extremely slow to occur. For example, moving
from 1500 m to 1000 m involves a radial expansion of roughly 10%.
Of course, there really is some degree of consumption and dissolution, so the actual expansion would be reduced. In a sense, a constant
slip velocity roughly parameterizes consumption, dissolution and gas
compressibility. The value of the slip velocity used here is consistent
with experimental values for bubble sizes  2 mm  db  8 mm
and corresponds to estimates previously used for the DwH plume
(Socolofsky et al., 2011).

2.8. Integral models
Buoyant plumes and jets have been extensively studied using integral solutions ﬁrst derived by Morton et al. (1956) and later extended
to bubble plumes by Milgram (1983) and others. In these solutions
the entrainment per unit length into the edge of the plume is characterized by representative local velocity and length scales, W (z) and
b(z) respectively, so that (rU )|∞ = −α b W where α is the entrainment coeﬃcient and U and W are mean radial and vertical velocity
components respectively.
Assuming Gaussian proﬁles for the mean vertical velocity W (r, z) =
2
2
W (z)e−(r /b(z)) , the volume, momentum and buoyancy ﬂux, Q, M and
B respectively, can be written as

Q=

∞
0

1
Wr dr = b2 W,
2

(29)

M=
B=

∞

1 2 2
b W ,
4

(30)

Wg r dr = Bθ + Bb ,

(31)

0
∞
0

W 2 r dr =

where g = g ρ /ρ 0 is the reduced gravity, g is the gravity acceleration
and ρ = ρ e − ρ where ρ e (z) = ρ 0 (1 − βζ z) is the unperturbed
environment density proﬁle and ρ is the density in the plume. This


term can be rewritten as ρ /ρ0 = βθ + αb − αb ρb − ρl /ρ0 where
the last term, following previous approximations, has been neglected.
Thus, the thermal Bθ and bubble Bb buoyancy ﬂuxes are deﬁned
as

Bθ =
Bb =

∞
0
∞
0

Wg β

r dr,

(32)

Wg αb r dr,

(33)

= T − (T0 + ζ z) is the mean temperature perturbation
where
(obtained by subtracting the stratiﬁcation mode) and α b is the
mean gas volume fraction. Gaussian proﬁles are also assumed for
= (z) exp (−r2 /b(z)2 ) and αb = αb (z) exp (−r2 /(λ b(z))2 ) where
the parameter λ is the ratio of the gas volume fraction to momentum
plume widths.
Using the previous deﬁnitions and the transport equations described in Section 2, the integral model equations read

dQ
= 2α M1/2 ,
dz
1 Q
dM
=
dz
γM

(34)

Bθ +

λ2 + 1
2

Bb ,

dBθ
= −N2 Q,
dz
d
dBb
= −g
dz
dz

(35)

(36)
∞
0

ws α rdr,

(37)

where γ is the momentum ampliﬁcation factor deﬁned as the ratio of the total momentum ﬂux to the momentum ﬂux carried
by the
 mean ﬂow and N is the buoyancy frequency deﬁned as
N = −(g/ρ0 )∂ρe /∂ z = β g ζ .
For ws  0, the system in (34)–(37) is unclosed. While this has
been circumvented by hydrostatic assumptions (Ditmars and Cederwall, 1974), even a constant slip velocity breaks self-similarity in
the same way as a non-zero stratiﬁcation. When ws /w0  1, the gas
phase contribution can be ignored as in Cardoso and McHugh (2009)
and the system deﬁned by Eqs. (34)–(37) is closed (Bb, z = 0). Note
that in the integral models (Eqs. (34)–(37)) the effect of bubbles on
the turbulence is only accounted in the momentum Eq. (35) through
the γ parameter which is known to be larger in multiphase plumes
due to turbulent mixing enhancement associated to the presence of a
gas phase (Milgram, 1983). Thus, the turbulent transport of temperature or gas volume fraction is not explicitly accounted in Eqs. (36) and
(37). However, even for single phase plumes in unstratiﬁed environments (ζ = 0), where the integral solutions would predict a constant
buoyancy ﬂux B (B, z = 0), this value should actually decrease due to
the turbulent mixing.
3. Computational test case
3.1. Plume parameters
We consider three plumes differentiated only by the ratio of active
scalar contributions to the inlet buoyancy ﬂux: a purely thermal, a (almost) purely bubble and a hybrid case. In each case, the inlet buoyancy
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Table 1
Summary of the cases.
Case

Plume description

δ

α b, 0

T
B
H
H2

Thermal
Bubble
Hybrid
Hybrid 2

1
0.05
0.5
0.9

–
0.142
0.075
0.015

T0 (K)
746
37
373
671

ﬂux is ﬁxed to the order of magnitude estimated for the DwH spill,
BDwH = g ρ 0 w0 A/ρ 0 = 0.37 m4 s−3 , where D = 0.5 m is the source diameter, w0 = 1.3 m s−1 is the inlet liquid phase velocity and A = π D2 /4
 0.2 m2 is the inlet cross section area. This is thermally equivalent to
B0 = ρ 0 Cp BDwH /(β g) = 0.8 GW, where Cp = 4×103 J kg−1 K−1 is the
heat capacity of sea water.
This ﬁxed inlet buoyancy ﬂux BDwH can be distributed over either
or both of the thermal δ B0θ and gas phase (1 − δ)B0b fractional contributions where B0θ = gAw0 β T0 and B0b = gAw0 αb,0 . α b, 0 is the gas
volume fraction at the inlet and T0 is the inlet temperature difference with respect to the seaﬂoor reference state. Here the gas phase
buoyancy ﬂux is the dynamic ﬂux based on the liquid phase velocity,
w, in contrast to the kinematic ﬂux based on (w + ws ). This ensures that
the input momentum forcing is identical for all plumes. Table 1 summarizes the three cases studied: bubble (B), hybrid (H) and thermal
(T). An additional case (H2), with only 10% of the buoyancy ﬂux due to
the presence of bubbles, has also been considered to gain more insight
on the dependency of the turbulence enhancement on the inlet gas
volume fraction. To match expectations in a deep-water release, the
eﬄuent in all cases is substantially warmer than the ambient ﬂuid.
3.2. Computational model
The transport equations, (25)–(28) are solved using the spectral
element method (SEM) code Nek5000 (Fischer et al., 2008). This code
has been validated for a wide range of ﬂow conﬁgurations and has
demonstrated excellent scalability on parallel machines. SEM overcomes the limitation of the classic fully-spectral methods in terms of
restricted type of boundary conditions and geometry allowing highorder solutions for complex grids (Deville et al., 2002).
Here we make use of the spectral accuracy and scalability of
Nek5000 to perform highly resolved simulations. Instead of a typical LES approach explicitly modelling subgrid scales via variations
of Smagorinsky eddy diffusivities (Özgökmen et al., 2009a; 2009b),
we use the spectral vanishing viscosity (Karamanos and Karniadakis,
2000) technique where the near-grid scale coeﬃcients of the spectral
polynomial expansion are progressively ﬁltered (Deville et al., 2002;
Fischer and Mullen, 2001). This is equivalent to increasing the nominal Reynolds and Péclet numbers only at near-grid scales. Speciﬁcally,
the current results use a 5% polynomial ﬁltering of the two highest
modes in the 12th order Legendre expansion for all computed ﬁelds.
This procedure preserves the exponential convergence of the spectral
solver while avoiding the cost of computing SGS coeﬃcients. Results
using this approach in the context of turbulent channel ﬂow show excellent agreement with DNS, relative insensitivity to the ﬁlter shape
and overall computational eﬃciency (Koal et al., 2012).
The computational domain, shown in Fig. 1, is a cylinder of radius
R/D = 25 and height Lz /D = 60 (R = 12.5 m and Lz = 30 m). The domain
is decomposed into K = 12544 elements and the solution on each
element is approximated using 12th order Legendre polynomials for
a total number of degrees of freedom, NT  22 million. Typical spatial
resolution near the axis of the plume is 0.02 m increasing to 0.3 m in
radial far-ﬁeld.
Dirichlet boundary conditions specifying top hat proﬁles of velocity and scalar ﬁelds at the circular inlet are implemented on the lower
boundary. On lateral boundaries, perturbation temperature and gas
volume fraction are set to zero. To allow the entrainment of fresh

Fig. 1. A sketch of the computational domain showing an instantaneous isosurface of
vertical velocity extending over the domain. The mesh at z = 0 shows the boundaries
of the spectral elements. Top and lateral shaded areas show the approximate extent of
the numerical sponges.

ﬂuid into the domain, open boundary conditions are used for the momentum on the sides. Similar conditions, imposed at the top, allow
dynamic outﬂow of the plume. To smooth ﬂuctuations in the ﬁelds
in the vicinity of the open boundary conditions, numerical sponges
are implemented over r/D 20 and z/D 42.5 = zmax . The region of
interest (ROI), deﬁned as the unperturbed computational domain, extends over z/D  42.5 and r/D  20. To ensure that the sponges do not
alter results in the ROI, a comparison between the domain described
above and one extended to z/D = 80 in the vertical was performed
and resulted in no signiﬁcant differences.
Table 2 shows the set of parameters used in this work. The velocity
Us , length Ls and temperature θ s scales are set to be the injection
velocity w0 , the pipe diameter D and the bottom to top background
seawater temperature difference (θ s [K] = ζ zmax Ls ) respectively. For
each case in Table 1 the ﬂow was evolved in time until steady values of
volume integrated quantities (total scalar mass as well as the kinetic
and potential energies) were achieved.
For all cases the initial conditions were zero velocity and scalar (α ,
θ ) ﬁelds. Once the ﬂow was fully developed, statistics were computed
by averaging in time over a period τ = 250D/w0 . For the axisymmetric plumes, statistical sampling was increased by additional averaging
over Nφ = 200 azimuthal points. Longer time samplings did not exhibit signiﬁcant differences for the mean and second order quantities
considered. The simulations were carried out on a Cray XE6 using
960, 2.2 GHz AMD Magny-Cours cores. The CPU time to achieve the
reported statistical sampling was approximately 300,000 core hours
for each case.
4. Results
The plumes are forced by identical inlet momentum and buoyancy
ﬂuxes. Consequently, any observed differences between the evolution
of single and multiphase plumes is entirely due to the slip velocity of
the gas phase. In the present cases, the imposed slip velocity is only
18% of the injection velocity w0 , and an even smaller percentage of the
maximum vertical velocity produced by the large buoyancy ﬂux. The
comparisons, therefore, minimize the differences between the three
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Table 2
Plume simulation parameters.
w0 (m/s)
1.3

θ s (K)

D (m)
0.5

ws (m/s)

1.062

0.23

ws /w0
0.18

Re

Pr

13,000

Sc

7.0

1.0

Rib
2.9

ζ∗

Riθ
6.2 × 10

−4

0.023

B
H
T

1.8

(z/D)−1/3

Wc

1.6
1.4
1.2
1
0

10

20
z/D

30

40

(a) Mean centerline velocity
50
40

40

B
H
T

30

35
30

M/M0 , B/B0

Q/Q0 , B/B0

25
20

30

0.5

0.6

0.7

20

20

10

10
0

0

0.2

0.4

0.6

0.8

1

5/3

0

0

0.2

0.4

0.6

0.8

(z/zmax )

(z/zmax )4/3

(b) Volume ﬂux

(c) Momentum ﬂux

1

Fig. 2. (a) Mean centerlines vertical velocity component Wc for the bubble (case B, black line), thermal (case T, red line) and hybrid (case H, blue line) plumes. z = 5 LM is indicated
as a vertical dashed line. Self-similar solution Wc  z−1/3 shown as a thin red dashed line. (b) Volume (solid lines) and buoyancy (dashed lines) ﬂuxes for the three cases using the
thermal plume scaling, Wc  z−1/3 where zmax /D = 42.5. The inset shows a detail of the turnover point in Q for the thermal and hybrid cases. Slope indicated as thin dashed lines.
(c) Momentum (solid lines) and buoyancy (dashed lines) ﬂuxes as in (b). (For interpretation of the references to color in this ﬁgure legend, the reader is referred to the web version
of this article.)

cases; the three plumes are essentially identical and the sole differential parameter is small in relative terms. This parameter appears only
in the conservation equation for the gas phase volume fraction. As
we shall show, the difference in the values of the modeled molecular
diffusivity of the two scalars is insigniﬁcant given the predominance
of turbulent mixing.
With the instantaneous velocity components given by (ũ, ṽ, w̃)
in cylindrical polar coordinates (r, θ , z), upper case letters or angle
brackets · denote combined temporal and azimuthal averages and
lower case letters denote ﬂuctuating quantities; the classic Reynolds
decomposition reads, ũ = U + u. For dimensional consistency, the active scalar ﬁeld, s is deﬁned as s β θ + α b .
4.1. Mean transport
The mean centerline vertical velocity Wc is shown in Fig. 2(a) for
the three cases described in Table 1. Close to the source the momentum ﬂux at the inlet generates a buoyant jet that rapidly evolves
into a buoyant plume. The transition location can be estimated using

3/4 −1/2

the Morton length scale LM = M0 B0
= 1.43D. Shabbir and George
(1994) observed that the buoyant plume is established at z/LM > 5
shown in Fig. 2(a) as a dashed line.
Given identical values of the signiﬁcant inlet momentum ﬂux and
the disparity between the slip and inlet velocities, the maximum vertical velocity in each case occurs at the same downstream location,
z/D  4. The effect of the slip velocity, however, is seen even at
this small distance where the maximum value of vertical velocity increases with increasing gas volume fraction. Beyond this maximum,
the vertical velocity in both multiphase plumes decays signiﬁcantly
faster than in the single-phase case. Despite a nearly 50% decrease in
inlet gas volume fraction, the decay rate in the hybrid plume closely
mimics that of the bubble plume. The rapid increase in the decay rate
of the centerline velocity suggests that the presence of gas, as modeled here, has a signiﬁcant impact on the mixing of momentum in the
plume.
The downstream evolution of the primary prognostic integral
model quantities, the radially averaged volume and momentum
ﬂuxes, are show in Fig. 2(b) and (c). For comparison, each ﬂux is
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(d) Scalar plume width ra- (e) Momentum plume widths (f) Hybrid to pure plume
tios.
ratios.
width ratios.
Fig. 3. Top: Thermal (left), bubble (center) and hybrid (right) plumes momentum and scalar widths. Bottom: Selected plume widths ratios.

plotted against (z/zmax )ai where aQ = 5/3 and aM = 4/3 are the standard, self-similar values for an unstratiﬁed thermal plume. Although
non-zero stratiﬁcation and slip velocity prevent strict self-similar evolution of the integral ﬂuxes, for the present parameter values and
vertical domain, the vertical variation in the buoyancy ﬂux (shown
by dashed lines in both rescalings) is small in all cases. The rescaled
0.3 and
Q and M ﬂuxes are nearly linear for z/D > 20. (z/zmax )5/3
(z/zmax )4/3 0.35 respectively.
Fig. 2(b) indicates that the vertical volume ﬂux, and hence the horizontal entrainment, is initially larger in the single phase plume. However, farther downstream both multiphase plumes show greater, and
nearly identical, slopes relative to the thermal case. This increase in
Q is seen despite the clear decrease in the growth rate of the momentum ﬂux shown in Fig. 2(c). As such, in terms of typical integral model
parameterizations, the multiphase plumes exhibit larger values, with
respect to the thermal plume, of both the entrainment coeﬃcient, α
and the momentum ampliﬁcation factor, γ .
While W, and α b are not strictly self similar, each quantity is
extremely well ﬁt by Gaussian proﬁles at any vertical location beyond
z/D LM /D. Closer to the source, the imposed top-hat proﬁles persist.
The (half-)width of a general quantity ψ is deﬁned using the standard
deviation, σ , in ψ(r, z) = ψc (z) exp (−r2 /σψ2 (z)) where r is the radial
coordinate and ψ c (z) is the centerline value.
The radial extent of both the momentum and scalar ﬁelds in the
three cases is shown in the top row of Fig. 3 using best-ﬁt σ values
for momentum (black), gas volume fraction (blue) and temperature
(red). In the single phase case, temperature advects with the ﬂuid
and the momentum and scalar plumes necessarily grow at the same
rate. In the absence of stratiﬁcation, the growth is linear. For multiphase plumes, α b is stretched with respect to the momentum in the
direction of the slip velocity. This narrowing of the bubble plume is
seen in both multiphase cases where the half-widths of α b are less
than those of W for all values of z. The decrease of the width of the
bubble plumes relative to the single phase thermal plume is shown
in Fig. 3(d). Both multiphase plumes are initially narrower than the
thermal plume. Downstream, z/D 15, however, the ratio increases
with the same, nearly constant, slope for both the bubble and hybrid

cases. Assuming this trend persists, one would expect that the multiphase scalar plumes, despite the narrowing effects of the slip velocity,
would eventually be broader than the single phase thermal plume.
The narrowing of the buoyancy source by the slip velocity in the
multiphase plumes also changes the evolution of the momentum
ﬁelds. In contrast to the single phase case, the top panel shows nonlinear evolution of both scalar and momentum plume widths in the
bubble and hybrid cases. The effect of the slip velocity on the dynamics is quantiﬁed by plotting the ratio of the multi to single phase
momentum plume widths in Fig. 3(e). In the very near-ﬁeld, the decrease in the radial extent of α b effectively reduces the width of
multiphase momentum plumes relative to the single phase results.
This initial reduction is compensated downstream by an apparent increase in turbulent mixing resulting in more rapid radial spreading of
momentum in the multiphase plumes.
As any deep-water release will necessarily involve the combined
effects of multiple buoyancy components, it is instructive to examine
the differences in the evolution of the two active scalar ﬁelds in the
present hybrid case. As shown in Fig. 3(d), the ratio of the bubble
to thermal plume widths in the hybrid case decreases rapidly in the
near-ﬁeld at exactly the same rate as σbB /σθT . Unlike the σbB /σθT ratio,
σbH /σθH does not show a rapid downstream increase and the bubble plume is always narrower than the thermal plume in the hybrid
case (Fig. 3(c)). The momentum, due to equal contributions from each
scalar, is necessarily conﬁned between the two scalar plumes. Comparisons of the width of the hybrid scalar plumes (σbH , σθH ) to their
‘pure’ counterparts (σbB , σθT ) are shown in Fig. 3(f). The enhanced mixing in the hybrid case with respect to the purely thermal plume results
in faster spread of the temperature ﬁeld in the presence of a gas phase.
In contrast, the σbH /σbB ratio is approximately constant for z/D 15
reﬂecting the near uniform vertical offset in the scalar width ratios
seen in Fig. 3(d).
As indicated by the vertical evolution of the integral ﬂuxes Q and M,
the presence of a gas phase increases the entrainment ﬂux, reduces
the momentum growth rate through the momentum ampliﬁcation
factor γ and implies a non-unitary value of the plume width parameter λ = σ s /σ w . Fig. 4(a) shows the entrainment coeﬃcient α for the
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Fig. 4. (a) Entrainment coeﬃcient α . (b) Scalar to momentum plume width ratio λ. (c) Momentum ampliﬁcation factor γ .
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Fig. 5. (a) Turbulent kinetic energy at z/D = 10 (solid lines) and z/D = 31.5 (dashed lines) for the cases in Table 1. (b) IK (z/D) for cases B, H and H2 with respect to the single phase
case. (c) Reynolds stress wu as in (a).

three plumes computed using (34). The evolution of Q, with an initial
faster growth for the single phase plume, results in larger values of
α for z/D 12. However, farther downstream, multiphase plumes
exhibit larger dQ/dz associated with increased entrainment ﬂuxes.
Similar values of dQ/dz for the bubble and hybrid cases lead also to
similar entrainment coeﬃcients in the ROI.
Using the best-ﬁt values of σ , the vertical dependence of λ for
the three plumes is shown in Fig. 4(b). As expected, λ is close to one
for the single phase ﬂow, but smaller for the bubble (λ  0.9) and
the hybrid (λ  0.85) cases. While values in the range 0.4  λ  1
have been used in multiphase integral models, the present values are
consistent with those used by Milgram (1983) based on observations
of a relatively large-scale, environmental bubble plume.
Distinct differences in the turbulence, as parameterized in integral models by the ampliﬁcation factor γ deﬁned in (35), are shown in
Fig. 4(c). In the thermal case, the parameter grows rapidly and reaches
an arguably constant value λ  1.1 in agreement with previous results

(Chen and Rodi, 1980; George et al., 1977). In the multiphase cases,
γ values are initially smaller, with less vertical momentum carried
by the turbulence due to the narrowing of the mean velocity ﬁeld.
Downstream, however, the turbulent contribution to the total momentum increases continually resulting in non-constant values of γ
over the available vertical extent of the computations.
The results obtained for the mean vertical evolution of the modeled plumes agree with basic experimental observations, namely
that the presence of gas enhances turbulent mixing and thus the
spreading rates of bubble plumes. Parameterization of the gas phase
through a simple slip velocity allows decoupling of the active scalar
ﬁeld from the momentum. This results in differences in the vertical
evolution of the scalar and momentum plumes (λ < 1). The initial
enhanced concentration of the buoyancy produces larger maximum
vertical velocities but also generates increased turbulent transport
and mixing resulting in faster spreading rates than in the single phase
case.
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Table 3
Ratios of some selected integral quantities for the bubble and hybrid cases with respect to the
thermal case.
∞
B
H
H2
0 ·r dr

K
wu W, r
Ris ws

z/D = 10

z/D = 31.5

z/D = 10

z/D = 31.5

z/D = 10

z/D = 31.5

1.16
1.23
1.02

1.24
1.06
1.14

1.07
1.12
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Fig. 6. (a) Mean vertical momentum budget for the bubble (solid lines), hybrid (dotted lines) and thermal (dashed lines) plumes. (b) Turbulent kinetic energy budget as in (a).

4.2. Plume turbulence
Differences in the turbulence produced by the three plumes can
be quantiﬁed by comparing the turbulent kinetic energy (TKE), K =
1
2 ui ui , at two different vertical locations as shown in Fig. 5(a). At
z/D = 10 (solid lines) the TKE increases with increasing inlet gas
∞
volume fraction. Deﬁning the radial integral of K as IK = 0 Kr dr, the
multiphase plumes B, H and H2 exhibit IK increases of 16%, 7% and
2% respectively relative to the single phase case (see Table 3). The
vertical location of the peak where the maximum value of TKE occurs
is the same for all the cases. At z/D = 31.5 (dashed lines) the proﬁle
has widened but the peak still persists showing maximum values
only slightly smaller than closer to the source. The increase in TKE
in the multiphase plumes with respect to the thermal case is now
larger; the hybrid and bubble cases, with similar values of TKE, are
24–29% larger respectively. For comparison, case H2 exhibits K values
almost identical to the thermal case in the region close to the axis but
the proﬁle increases along the radial direction eventually becoming
similar to that observed in the other multiphase plumes. With only
10% of the buoyancy ﬂux due to bubbles, the IK value in the H2 case
is 11% larger than in the single phase plume.
Fig. 5(b) shows the vertical development of the ratio of multiphase IK to the single phase case. The bubble plume, with the largest
gas volume fraction, initially exhibits the fastest relative growth of
IK followed by an approximately constant plateau region. In the hybrid plume, the growth of K occurs at a slower rate over the entire
computational domain. At the end of the ROI both bubble and hybrid cases exhibit similar values of IK . For the H2 plume, IK grows
the slowest reaching values 10% smaller than in the other two
multiphase cases at the end of the computational domain. This suggests that the production of TKE with respect to the single phase
plume depends strongly, and nonlinearly on the amount of gas at the
inlet.
The presence of a gas phase, as modeled here, does not appreciably
change the anisotropy of the turbulence. In all cases, w2  2u2 
2v2 , consistent with classical turbulence predictions for nearly parallel shear ﬂows (Tennekes and Lumley, 1972). Comparisons of the

Reynolds stresses, wu , at the same vertical locations are shown in
Fig. 5(c). The results are similar to those found for the TKE: close
to the source the wu values are ordered according to gas content
while farther downstream, bubble and hybrid plumes are very similar. Again, near the axis, the Reynolds stress in the small gas volume
fraction case is similar to observations in the single phase plume but
the proﬁle approaches the other multiphase proﬁles as r increases.
When compared to the thermal case, the bubble plume shows 16%
and 24% increases in wu at z/D = 10 and z/D = 31.5 respectively,
very close to the results for the TKE.
In summary, the proposed model, with no parametrized bubble
induced turbulence (Sokolichin et al., 2004), predicts a local increase
in TKE of up to 30% in multiphase plumes compared to the single
phase case. This difference is substantial, especially in light of the
relatively small value of the slip velocity in the near ﬁeld for the
large inlet buoyancy ﬂux considered. The results suggest that even
small amounts of gas affect the turbulence in the plume and that the
relationship between the inlet gas volume fraction and the resulting
increase in the turbulent mixing is not linear.
4.3. Mechanism for enhanced two-phase turbulence
The mechanism by which the slip velocity enhances the turbulent
production can be explained in the context of the TKE budget. Given
the results shown in Fig. 2 we assume local self-similarity over a
relatively narrow vertical extent, 30.4 < z/D < 39.1. Rescaling the
data using η = r/z, it is possible to evaluate the different contributions
to the budgets of mean momentum, scalar and TKE.
Using this approach, results for the budget of mean vertical
momentum,

U

∂W
∂W
∂P
+W
=−
∂r
∂z
∂z 

1 ∂ ruw
∂w2
−
−
+ Riθ θ + Rib αb ,
r
∂r
∂z

(38)

are shown in Fig. 6(a). The main contributions are the radial turbulent transport, the vertical mean advection and the buoyancy, in
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14% larger. The 25% increase in IK observed in Fig. 5(b) for z/D 20
must therefore result from larger turbulence production closer to the
inlet. Fig. 7(a) shows the vertical dependence of the ratio of mechanical and buoyancy production between the bubble and thermal cases.
In the region 5 z/D 18 the mechanical production in the bubble
case is 24% larger than in the thermal plume. Farther downstream
this ratio decays. The radially averaged direct buoyancy production
is initially smaller in the bubble case due to the narrowing of the
buoyancy source by the slip velocity. Downstream, however, there is
a near constant 18% increase in buoyancy production in the bubble
plume.
Differences in the mechanical production of turbulence are due
to the initial vertical stretching of the buoyancy forcing by the slip
velocity. As shown in Fig. 8(a), at z/D = 10 the bubble plume exhibits
larger shear close to the axis leading to larger production (Table 3).
The turbulence is advected vertically resulting in larger downstream
values of TKE. The enhanced conversion of mean to turbulent kinetic
energy in the near ﬁeld necessarily reduces the mean shear. However, the reduction of mean vertical velocity gradients is offset by
the presence of larger Reynolds stresses. As such, by z/D = 31.5 the
mechanical production in the bubble plume still exceeds that in the
thermal case.
While the effects on the mechanical production are dominant, the
increase in direct buoyancy production, Ris ws , in the bubble plume
can also be linked to the slip velocity. The production of ws is given
by the turbulent scalar ﬂux equations

·10−2
z/D = 10

Total K production
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1
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Fig. 7. (a) Bubble to thermal ratio of the mechanical (blue line) and buoyancy (orange
line) production terms. (b) TKE production for the bubble (black line) and thermal (red
line) at two different locations z/D = 10 (solid lines) and z/D = 30.5 (dashed lines). (For
interpretation of the references to color in this ﬁgure legend, the reader is referred to
the web version of this article.)

agreement with those reported in Shabbir and George (1994) for a
thermal buoyant plume. The small error, shown as a thick black line,
indicates that the local self-similar approximation is reasonable.
Fig. 6(b) shows the TKE budget
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∂W
∂αb
+ uw
= − uαb
,
∂r
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(39)

where  stands for dissipation and ω accounts for turbulence diffusion
plus pressure strain terms which are not explicitly calculated. In all
cases, the production of K is dominated by the mean shear (mechanical) contribution, wu W, r . While relatively larger in the presence of a
gas phase, direct buoyancy production, Ris ws , accounts for no more
than 20% of the total in terms of radial integral quantities. At these
vertical locations, the advection terms UK, r and WK, z are also significant. The results are in agreement with the experimental thermal
plume budgets reported in Shabbir and George (1994).
In general, the differences between the plumes over the assumed
self-similar extent are small in both budgets. In particular, the dominant mechanical TKE production term at z/D  35 is only 6% larger in
the bubble plume than in the thermal case (see Table 3). The smaller
buoyancy contribution, accounting for only a fraction of the total, is



Dwθ
− Riθ θ 2 + Rib θ αb + ζ ∗ w2 + θ
Dt


∂W
∂
+ uw
= − uθ
,
∂r
∂r

(40)

(41)

where  b and  θ account for the dissipation, turbulent diffusion and
ﬂuctuating pressure-scalar gradient correlations terms for bubbles
and temperature respectively.
The two mean production terms in each equation, due to radial
gradients in both the mean vertical velocity and the mean scalar ﬁeld,
are written the right hand side. Radial proﬁles of these terms are
shown in Fig. 9 at z/D = 21. Both quantities are larger in the bubproduces larger mean
ble case. The stretching of α b relative to
gradients as shown in Fig. 8(b). As a result, the relative contribution to
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Fig. 8. Mean vertical velocity W (left) and scalar S (right) at z/D = 10 (solid lines) and z/D = 30.5 (dashed lines) for the bubble (black lines) and thermal (red lines) plumes. (For
interpretation of the references to color in this ﬁgure legend, the reader is referred to the web version of this article.)
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Fig. 9. Buoyancy production contributions for the bubble (left) and thermal (right)
plumes at z/D = 21.

the production of ws from the mean scalar gradient is considerably
increased in the bubble case. Additionally, the stratiﬁcation provides
a negative-deﬁnite contribution to the production of wθ while the
slip velocity produces direct contributions to the production of wα b
∂α

via the indeﬁnite correlation w ∂ zb .
5. Conclusions

It is well known that the presence of a gas in multiphase plumes
increases turbulence mixing, entrainment and spreading rates with
respect to single phase, thermal cases. Here, turbulence resolving
computations are used to examine the mechanisms for this difference
in dynamics and to quantify its extent in the context of deep water
blowouts with inlet buoyancy ﬂuxes much larger than those typically
found in experiments. To clearly isolate the role of a dispersed gas
phase on the dynamics, we derive a parsimonious bubble model directly from the governing equations under Boussinesq assumptions.
The resulting model contains only a slip velocity as input and avoids
any explicit parameterization of bubble-induced turbulence. Simpliﬁcation of the system to a single momentum equation allows feasible
explicit computations of the near-ﬁeld turbulence over scale ranges
commensurate with those of previous and potential deepwater releases.
Using this model, we compute the development of plumes in the
idealized case of two, thermal and gas, buoyancy sources. As such any
difference in the dynamics of single and multiphase plumes are due
entirely to the slip velocity of the gas phase relative to that of the
liquid. Comparing ﬂows differentiated only by the ratio of buoyancy
contributions at the inlet, modeled two-phase plumes are found to
produce more turbulence, and thus spread faster than in the purely
thermal case. Despite the simplicity of the model and the small value
of the imposed slip velocity relative to that of the plume itself, differences in observed turbulence levels are signiﬁcant. The relationship
between the inlet gas volume fraction and the observed turbulence
enhancement is highly non-linear. A 50% reduction in the inlet gas
volume fraction produces no signiﬁcant difference in the multiphase
turbulent kinetic energy budgets. Appreciable differences between
the single and multiphase plume in terms of turbulence intensities
are observed even when gas-phase buoyancy contribution is only 10%
of the total.
Explicit examination of kinetic energy budgets indicates that turbulent production is primarily due to mechanical shear while direct
production from buoyancy sources is a minor contribution. Larger
shear production in multiphase cases is associated with the vertical
stretching induced by the gas phase slipping with respect to the liquid.
When compared to a purely thermal plume, the dispersed gas phase
necessarily narrows the mean momentum ﬁeld relatively close to the
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inlet. This larger mean shear is responsible for the increased conversion of mean to turbulent energy responsible for larger entrainment
and faster spreading downstream.
In the context of integral model formulations, the numerical experiments predict modest increases over purely thermal plumes for
the entrainment coeﬃcient and the expected increase in the ratio of
momentum to scalar plume widths in the presence of a gas phase. The
narrowing of the bubble plume with respect to the momentum plume
is greater in the case of mixed buoyancy sources. The observed parameters are reasonably constant for z/D 15 with values falling within
the (considerable) range of previous experimental measurements in
isothermal bubble plumes. Consistent with the explicit quantiﬁcations of changes in turbulent characteristics, the vertical behavior of
the momentum ampliﬁcation factor, γ , used to account for turbulence effects in integral models, changes considerably in the presence
of a gas phase. In the thermal case, γ equilibrates to a reasonably
constant value. In contrast, γ is initially smaller in the gas dominated
plume, but continues to grow at all observed downstream locations.
The present model can be extended to study turbulent dynamics
in more realistic representations of large-scale deep water releases.
Using the same approach for the gas phase, it is possible to explicitly
account for the presence of oil by considering the evolution of the
nearly immiscible mixture of two liquid phases. Separating oil and
thermal buoyancy contributions permits detailed evaluation of the
effects of stratiﬁcation on the multiphase system, including the role of
turbulent mixing on the location and formation of lateral oil/gas intrusion layers. Additionally, by considering non-uniform slip velocities,
or distributions of dispersed gas phases with different slip velocities,
one may study bubble interaction and more complex, environmentally dependent biogeochemical processes including the investigation
of dispersant effects.
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