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ABSTRACT

Overflows are bottom gravity currents that supply dense water masses generated in high-latitude and marginal
seas into the general circulation. Oceanic observations have revealed that mixing of overflows with ambient
water masses takes place over small spatial and time scales. Studies with ocean general circulation models
indicate that the strength of the thermohaline circulation is strongly sensitive to representation of overflows in
these models. In light of these results, overflow-induced mixing emerges as one of the prominent oceanic
processes. In this study, as a continuation of an effort to develop appropriate process models for overflows,
nonhydrostatic 3D simulations of bottom gravity are carried out that would complement analysis of dedicated
observations and large-scale ocean modeling. A parallel high-order spectral-element Navier–Stokes solver is
used as the basis of the simulations. Numerical experiments are conducted in an idealized setting focusing on
the startup phase of a dense water mass released at the top of a sloping wedge. Results from 3D experiments
are compared with results from 2D experiments and laboratory experiments, based on propagation speed of the
density front, growth rate of the characteristic head at the leading edge, turbulent overturning length scales, and
entrainment parameters. Results from 3D experiments are found to be in general agreement with those from
laboratory tank experiments. In 2D simulations, the propagation speed is approximately 20% slower than that
of the 3D experiments and the head growth rate is 3 times as large, Thorpe scales are 1.3–1.5 times as large,
and the entrainment parameter is up to 2 times as large as those in the 3D experiments. The differences between
2D and 3D simulations are entirely due to internal factors associated with the truncation of the Navier–Stokes
equations for 2D approximation.

1. Introduction

A density current or gravity current is the flow of one
fluid within another driven by the gravitational force
acting on the density difference between the fluids. Den-
sity currents occur in a wide variety of circumstances.
In the atmosphere, thunderstorm outflows and sea breeze
fronts are gravity currents of cold dense air (Houze
1993). In rivers, turbidity currents whose density derives
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from suspended mud and silt can control deposition of
sediment and have geological consequences. Other ex-
amples of phenomena induced by similar underlying
physics are avalanches and ash clouds rushing down the
mountains after volcanic eruptions (Simpson 1982).

Oceanic gravity currents are of particular importance
because they are intimately related to the ocean’s role
in climate dynamics. The thermohaline circulation in
the ocean is strongly influenced by dense-water for-
mation that takes place mainly in polar seas by cooling
(e.g., Dickson et al. 1990; Borenäs and Lundberg 1988)
and in marginal seas by evaporation (e.g., the Mediter-
ranean Sea; Baringer and Price 1997a). Such dense-
water masses are released into the large-scale ocean
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circulation in the form of overflows, which are bottom
gravity currents. For instance, intense evaporation in the
Mediterranean Sea produces salty water that sinks to
the bottom and flows over the sill in the Strait of Gi-
braltar (Bryden and Kinder 1991) and forms a bottom
density current that descends along the continental
slope. If it did not mix with the Atlantic water, the
Mediterranean water would be dense enough to sink to
the bottom of the Atlantic Ocean. However, observa-
tions show that the Mediterranean salinity tongue
spreads across the North Atlantic basin at middepths
(Lozier et al. 1995), because it is diluted by entrainment
of the overlying fresh Atlantic water (e.g., Price et al.
1993). Similar considerations apply to other overflows
(e.g., Red Sea; Murray and Johns 1997; Denmark Strait;
Girton et al. 2001). Studies by Jia (2000), Özgökmen
et al. (2001), and Özgökmen and Crisciani (2001) in-
dicate another aspect of overflows that has been appre-
ciated only recently, namely, that the localized and per-
sistent mixing between the Mediterranean overflow and
the North Atlantic water also plays a role in the dy-
namics of the overlying upper-ocean currents. A sys-
tematic comparison of several realistic ocean circulation
models for the North Atlantic circulation demonstrated
that the large-scale thermohaline circulation is strongly
sensitive to the representation of overflows in these
models (Willebrand et al. 2001), which implies that the
mixing of overflows with the ambient fluid may be an
important factor in the long-term behavior of large-scale
ocean circulation (with a potential impact on climate).

Ocean models of the type used for computing climate
scenarios to the present day have inherent problems in
modeling the large-scale effects of overflow plumes,
mostly because these models cannot reproduce the prod-
uct of the mixing processes where they enter into the
ocean. Models either dilute the outflow water too strong-
ly (e.g., in geopotential vertical coordinate models), thus
destroying outflow signal, or they may not generate
enough mixing without explicit parameterizations (e.g.,
in isopycnal coordinate models), resulting in the
‘‘wrong’’ product waters. An accurate representation of
the mixing of overflows with ambient water masses is
critical because it determines the properties of inter-
mediate and deep water masses in the ocean. It is gen-
erally accepted from laboratory experiments (Simpson
1969) and observations (e.g., Baringer and Price 1997b)
that mixing between density currents and the ambient
fluid takes place primarily via vertical shear instability.
Overflows have a small vertical scale, typically 100–
300 m (Price and Yang 1998). The embedded overturns
are smaller owing to limitations imposed by stable strat-
ification. An explicit representation of mixing in over-
flows in numerical models requires not only a small
vertical grid scale but also a horizontal grid scale small
enough to capture the billows forming near the density
interface. Oceanic observations indicate that the typical
height-to-length ratio of Kelvin–Helmholtz billows is
about 0.1 (e.g., Marmorino 1987). The typical resolution

requirements for explicit resolution of billows are 10–
30 m in the vertical direction and 100–300 m in the
horizontal direction. As overflows propagate with
speeds O(1 m s 21 ), the time scale for the evolution of
billows is O(100 s). Given the typical spatial resolution
of 100 km (5–20 km) and time steps O(hour) in climate
(large-scale ocean) models, spatial and time scales to
resolve overflows are computationally prohibitive at the
present time.

In addition to model resolution and vertical coordi-
nate system, another issue is that most ocean models
are based on hydrostatic primitive equations. According
to the hydrostatic approximation, the primary dynamical
balance in the vertical momentum equation is between
the pressure gradient and gravitational buoyancy ac-
celeration terms. Therefore, vertical acceleration terms
are omitted, and vertical mixing processes important in
the dynamics of overflows are misrepresented.

Because of the importance of overflows, there has
been significant effort to address these dynamical and
modeling issues. Considerable progress has been
achieved in improving the downslope flow of overflows
in geopotential vertical coordinate models (e.g., Beck-
mann and Döscher 1997; Winton et al. 1998; Killworth
and Edwards 1999; Nakano and Suginohara 2002).
Also, turbulence closures have been tried in terrain-
following models (e.g., Jungclaus and Mellor 2000) and
a mixing parameterization based on laboratory experi-
ments (Turner 1986) has been implemented in isopycnal
models with encouraging results (Hallberg 2000; Pa-
padakis et al. 2003).

Despite the recent progress, a critical issue that re-
mains to be addressed is the details of mixing and en-
trainment in bottom density currents. The present level
of our systematic understanding of such mixing is de-
rived from laboratory tank experiments (Ellison and
Turner 1959; Simpson 1969, 1982, 1987; Britter and
Linden 1980; Turner 1986; Hallworth et al. 1996; Mon-
aghan et al. 1999; Baines 2001). However, when con-
figured for the small slopes of observed overflows
[O(18)], the dense source fluid cannot accelerate enough
within the bounds of typical laboratory tanks [O(1 m)]
to produce turbulent behavior. For turbulence to occur,
laboratory experiments are configured with slopes great-
er than 108. It is also difficult to maintain a complex
ambient stratification in these tanks.

Given recent advances in numerical techniques and
computer power, numerical modeling provides an al-
ternative avenue to investigate these processes. Non-
hydrostatic, high-resolution, two-dimensional simula-
tions of bottom gravity currents have been conducted
by Özgökmen and Chassignet (2002) that capture ex-
plicitly the major features of these currents seen in lab-
oratory experiments, such as the presence of a head in
the leading edge and Kelvin–Helmholtz vortices in the
trailing fluid. Subsequently, this model was used to sim-
ulate the part of the Red Sea outflow in a submarine
canyon, which naturally restricts motion in the lateral
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direction such that the use of a 2D model provides a
reasonable approximation to the dynamics. It was shown
(Özgökmen et al. 2003) that this model adequately cap-
tures the general characteristics of mixing in the Red
Sea overflow within the limitations of a 2D model, such
as lack of edge effects or intrusions from channel walls
associated with the spanwise structure. The 2D numer-
ical model employed in these studies provides simplicity
and computational efficiency. However, by allowing
only the spanwise component of vorticity, a 2D model
imposes an obvious limitation on the equations of mo-
tion, hence potentially on the mixing of bottom gravity
currents with ambient fluid. Therefore, the logical next
step is to conduct 3D numerical simulations of bottom
gravity currents.

In this study, the primary objective is to determine
differences between 2D and 3D simulations of bottom
gravity currents. To this end, the experimental setup in
Özgökmen and Chassignet (2002) is adopted, in which
the initial evolution of a dense water mass released at
the top of a sloping wedge at a constant angle is ex-
plored. A high-order spectral element Navier-Stokes
solver (Fischer 1997; Fischer et al. 2000; Tufo and Fi-
scher 1999; Fischer and Mullen 2001) is used as the
basis for our simulations. First, a 2D turbulent simu-
lation is conducted. Then, the domain is extended in the
spanwise direction, and equivalent 3D simulations are
conducted. To our knowledge, the present numerical
simulations are the first to explicitly model 3D shear
instability in bottom gravity currents propagating over
a sloping topography. The differences between 2D and
3D simulations are quantified by comparing the evo-
lution of characteristic features such as the head of the
dense plume, Kelvin–Helmholtz waves, speeds of de-
scent, turbulent overturning length scales, and entrain-
ment parameters.

The paper is organized as follows. In section 2, the
method is outlined and the numerical model introduced.
The experimental setup and parameters are outlined in
section 3. Qualitative and quantitative comparisons of
2D and 3D simulations are presented in section 4. Last,
the principal results and future directions are summa-
rized in section 5.

2. Approach

a. Model requirements

Bottom density currents have been traditionally in-
vestigated by using so-called stream-tube models. These
models have been useful in examining the path and bulk
properties of the Denmark Strait overflow (e.g., Smith
1975), Weddell Sea overflow (Killworth 1977), the
Mediterranean overflow (Baringer and Price 1997b),
and initial studies of the Red Sea overflow (Bower et
al. 2000). Various simplifications are required in these
models, such as steady state, motionless ambient fluid,
simple topography, and mixing parameterization based

on laboratory experiments. In recent years, a number of
studies have employed more complex models. Jungclaus
and Backhaus (1994) used a primitive equation, 2D (x,
y) shallow-water model with reduced gravity approxi-
mation in the vertical direction. They conducted ide-
alized experiments to investigate the effects of bottom
friction and topography, and they also applied their
model to the Denmark Strait overflow. Özsoy et al.
(2001) used the same model in an analysis of the over-
flow from the Bosphorus into the Black Sea and con-
cluded that the slope and finescale features of the bottom
topography are crucial elements in determining plume
behavior. Gawarkiewicz and Chapman (1995) used a
3D hydrostatic model to explore the development of a
plume with negative buoyancy. They found that the
leading edge of the plume forms eddies in the horizontal
plane and concluded that instabilities and eddy fluxes
are important mechanisms for the transport of dense
waters, in contrast to the quasi-steady behavior implied
from streamtube models. This conclusion is also sup-
ported by numerical studies by Jiang and Garwood
(1995, 1996), who used a different 3D, hydrostatic, sig-
ma-coordinate model. Jiang and Garwood (1998) con-
cluded that topographic variations induce significant
changes in the mixing and entrainment between density
currents and ambient fluid. Sigma- and isopycnic-co-
ordinate ocean general circulation models have been
used to simulate the Mediterranean overflow (Jungclaus
and Mellor 2000; Papadakis et al. 2003) employing var-
ious mixing parameterizations (Mellor and Yamada
1982; Hallberg 2000). These modeling studies have led
to a significant understanding of bottom density currents
in the ocean. However, none of the studies explicitly
resolve and capture shear instabilities at the density in-
terface between the gravity current and ambient fluid,
which lead to mixing and entrainment. This is partly
because of inadequate resolution to capture the scales
of such motion and partly because of hydrostatic dy-
namics.

Following nonhydrostatic, high-resolution 2D simu-
lations of bottom gravity currents in idealized (Özgök-
men and Chassignet 2002) and realistic (Özgökmen et
al. 2003) setttings, the logical next step is 3D nonhy-
drostatic modeling of bottom gravity currents. The nu-
merical model used in previous studies is based on strict-
ly 2D (streamfunction–vorticity) formulation and rela-
tively low-order (second-order finite difference) nu-
merics, whereas the high computational cost of 3D
simulations necessitates high-order models to minimize
the number of grid points, and techniques to obtain good
scalability on parallel computers. In this study, a state-
of-the-art spectral element model is used, the details of
which are described in the following.

b. Equations of motion

The momentum and continuity equations subject to the
Boussinesq approximation can be written as follows:
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Du 1 r9
25 2 =p 1 n ¹ u 2 g ẑ and (1)h rDt r r0 0

= · u 5 0, (2)

where u 5 (u, y, w) is the velocity vector field, p is the
pressure, g 5 9.81 m2 s 21 is the gravitational acceler-
ation, nh is the viscosity in the horizontal direction, and
ẑ is the unit normal vector in the vertical direction. The
material (total) derivative is

D ]
5 1 u · =, (3)

Dt ]t

and the anisotropic diffusivity is
2 2 2] ] ]

2¹ 5 1 1 r , (4)r 2 2 2]x ]y ]z

where r 5 ny /nh is the ratio of vertical to horizontal
diffusivities. A linear equation of state

r9 5 r bS0 (5)

is used, where r0 is the background water density, b 5
7 3 10 24 psu 21 is the salinity contraction coefficient,
and S is the salinity deviation from a background value.
The equation for salinity transport is

DS
25 K ¹ S, (6)h rDt

where we assume that the vertical and horizontal dif-
fusivities also satisfy r 5 Ky /Kh .

Nondimensionalizing (1)–(6) by

nh(x, y, z) 5 H(x*, y*, z*), (u, y , w) 5 (u*, y*, w*),
H

2 2H r n0 ht 5 t*, p 5 p*, and S 5 DSS*, (7)
2n Hh

where H is the domain depth and DS is the amplitude
of the salinity range in the system, and dropping the
asterisk, we obtain for the equations of motion in 3D

Du
25 2=p 1 ¹ u 2 RaSẑ, (8)rDt

= · u 5 0, and (9)

DS
21 25 Pr ¹ S, (10)rDt

where Ra 5 (gbDSH 3 )/ is the Rayleigh number, the2nh

ratio of the strengths of buoyancy and viscous forces,
and Pr 5 nh /Kh is the Prandtl number, the ratio of vis-
cous and saline diffusion. The two-dimensional variant
of (8)–(10) is obtained by enforcing y 5 0 and disal-
lowing variations in y.

c. Numerical model

The time advancement of (8)–(10) is based on second-
order semi-implicit operator-splitting methods devel-

oped by Maday et al. (1990) and described in Fischer
(1997). The hydrodynamics (8)–(9) are advanced first,
with explicit treatment of the Boussinesq forcing term,
RaSẑ, followed by the update of the salinity transport.
As suggested by Pironneau (1982), the material deriv-
atives are approximated by second-order finite differ-
ences along the characteristics,

n n21 n22Df 3f 2 4f̃ 1 f̃
ø , (11))Dt 2Dtnt

where fn represents the transported scalar field (u, y,
w, or S) at time level tn and Dt is the timestep size. The
quantities n2q represent the value of f at the foot off̃
the characteristics associated with time level tn2q . Fol-
lowing Maday et al. (1990), these values are computed
by solving the following initial boundary value prob-
lems on [tn2q , tn ]:

]f̃
1 u · =f̃ 5 0 and

]t
n2q n2qf̃(x, t ) 5 f(x, t ). (12)

Equation (12) is solved using an explicit fourth-order
Runge–Kutta scheme with step size Ds # Dt, which
satisfies an appropriate Courant condition. The values
of u in (12) are interpolated/extrapolated from the pre-
vious velocity fields, (un2q , . . . , un21 ).

Inserting the approximation (11) into (8)–(10) and
rearranging with the precomputed values of ũn2q and
S̃n2q leads to a linear subproblem to be solved at each
time step:

3 1
2 n n n21 n22 n2 ¹ u 1 =p 5 (4ũ 2 ũ ) 2 RaS ẑ,1 22Dt 2Dt

(13)
n= · u 5 0, and (14)

3 1
2 n n21 n22˜ ˜2 ¹ S 5 (4S 2 S ). (15)1 22Dt 2Dt

The value of
n

is an extrapolated second-order ap-S
proximation to S n , which imposes a stability constraint
on Dt. This constraint, however, is generally less severe
than the standard Courant stability criterion, which is
effectively eliminated by the characteristics-based ap-
proach outlined above. The Courant number is typically
ø1, and the overall scheme is second-order accurate in
time.

Spatial discretization of (13)–(15) is based upon the
spectral element method (SEM; Patera 1984; Maday and
Patera 1989; Fischer 1997), which combines the high-
order accuracy of spectral methods with the geometric
flexibility of traditional finite-element methods. For con-
ciseness, we focus on the Stokes problem (13)–(14) and
assume that the velocity satisfies homogeneous Dirichlet
conditions on the boundary ]V. The salinity transport
equation is discretized in an analogous way.
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As with the finite-element method, the SEM is based
on a Galerkin formulation in which (13)–(14) are for-
mally multiplied by a set of test functions (v, q) ∈ (X N ,
Y N ) and integrated over the computational domain V,
where X N , and Y N are finite-dimensional function spaces
to be defined. The solution is determined by requiring
(u, p) ∈ (X N , Y N ) to satisfy

3 1
n(v, u) 1 (=v, =u) 2 (= · v, p ) 5 (v, f ) (16)

2Dt 2Dt

and
n(q, = · u ) 5 0, (17)

for all (v, q) ∈ (X N , Y N ). Here, f is assumed to be the
interpolant of the the right-hand side of (13), and the
scalar and vector inner products on the domain V are

( f, g) 5 fg dx and ( f , g) 5 f · g dx,E E
V V

respectively.
The spectral element discretization is determined by

the choice of respective velocity and pressure spaces,
X N and Y N . In the SEM, the computational domain V
5 UkVk is subdivided into hexahedral elements Vk , k
5 1, . . . , K, each of which is mapped to the reference
domain 5 [21, 1]3 . Functions in X N are required toV̂
be continuous and are expressed as tensor-product La-
grange polynomials of degree N in the reference domain.
For example, a single component of the velocity field
in two dimensions would have the form

N N

ku(x)| 5 u p (j)p (h), (18)k O OV i j i j
i50 j50

where are the set of basis coefficients; p i , i 5 0,kuij

. . . , N, are the Nth-order Lagrange interpolants sat-
isfying p i (jp ) 5 d ip ; jp ∈ [21, 1], p 5 0, . . . , N, are
the Gauss–Lobatto–Legendre quadrature points; and
d ip is the Kronecker delta function. Implicit in the rep-
resentation (18) is an isoparametric mapping from the
computational domain, (j, h) ∈ , to the element sub-V̂
domain, x 5 (x, y) ∈ Ve . Accurate derivatives are
computed by differentiating the high-order basis func-
tions in the reference domain and using the chain rule
to map to the physical domain. Continuity of functions
in X N is enforced by constraining coefficients at co-
incident nodal points to be equal. Similarly, homo-
geneous Dirichlet conditions are enforced by con-
straining coefficients at nodal points on the boundary
to be zero. Further details may be found in (Deville et
al. 2002).

The pressure space, Y N , is similar to the velocity
space, save that interelement continuity is not enforced
and that pressure boundary conditions are not applied.
In addition, in order to be compatible with the velocity,
the pressure is a tensor-product polynomial of degree N
2 2 (Maday and Patera 1989). A typical representation
in 2D is

N21 N21

kp(x)| 5 p p̃ (j)p̃ (h), (19)k O OV i j i j
i51 j51

where are the set of unknown basis coefficients; i ,kp p̃ij

i 5 1, . . . , N 2 1, are the Lagrange polynomial inter-
polants of order N 2 2 satisfying i ( p ) 5 dip ; and pp̃ j̃ j̃
∈ (21, 1), p 5 1, . . . , N 2 1, are the quadrature points
associated with the (N 2 1)-point Gauss–Legendre
quadrature formula. Maday and Patera (1989) establish
that this velocity–pressure pairing results in a stable
discretization with an error that scales as aN , a , 1,
that is, decays exponentially fast. Thus, although the
pressure is formally discontinuous, it converges expo-
nentially fast to a continuous solution.

By substituting the bases of the form (18) for the
components of v and u and expressions similar to (19)
for q and p into (16)–(17), coupled with the continuity
constraint, one arrives at a large sparse linear system
for the velocity and pressure. This system is solved
iteratively and so in practice is never explicitly formed.
One simply evaluates the action of the system on the
corresponding iteration vector. The system is further
simplified in two ways. First, all integration is carried
out using pointwise quadrature. Inner products involv-
ing p or q are evaluated using (N 2 1)-point Gauss–
Legendre quadrature based on the nodal points i . Allj̃
other inner products (including those for the salinity
transport equation) are evaluated using (N 1 1)-point
Gauss–Lobatto–Legendre quadrature based on the nodal
points ji . The use of pointwise quadrature reduces the
overall operation count and makes the SEM qualita-
tively similar to pseudospectral methods, in which non-
linear or nonconstant-coefficient terms are evaluated
pointwise in physical space. Second, the viscous-pres-
sure terms are decoupled into separate subproblems
through the introduction of an additional time splitting.
The usual ambiguities of appropriate boundary condi-
tions for the pressure, however, are avoided because the
splitting is performed on the discrete system, for which
proper boundary conditions are already established. De-
tails of the splitting can be found in Fischer (1997).

The time splitting leads to four independent elliptic
solves. For each velocity component, there is a well-
conditioned system that is readily solved by diagonally
preconditioned conjugate gradient iteration. In addition,
there is a divergence-free-projection step, which effec-
tively requires a Poisson solve for the pressure, which
is also solved using conjugate gradients. This latter sys-
tem is preconditioned using a domain decomposition
strategy based on the additive overlapping Schwarz
method of Dryja and Widlund (1987). Details of the
solution strategy are given in Fischer (1997) and Fischer
et al. (2000).

We remark that the use of pointwise quadrature for
the advective terms in (12) can lead to aliasing errors
and consequent stability problems, as noted by Orszag
(1972), and Kirby and Karniadakis (2003). While the
advective term nominally only transports energy, rather
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than creating or destroying it, the numerical discreti-
zation may not make such a balance. Galerkin formu-
lations, however, will be energy conservative, provided
that exact quadrature is used. The use of approximate
quadrature in the SEM does not adversely affect the
accuracy because the quadrature error is of the same
order as the approximation error. It can, however, in-
fluence stability. That is, some of the eigenvalues as-
sociated with advective transport, which are nominally
purely imaginary (energy is neither created nor de-
stroyed), can take on nontrivial real components if
pointwise quadrature is used. The potential ill effects
of this shift can be eliminated by integrating with more
points, so that the quadrature is exact, or by applying
a small amount of high-wavenumber dissipation to the
system through the use of a filter. We have chosen the
latter course, following the procedure outlined in Fi-
scher and Mullen (2001), where it was shown that the
proposed filtering procedure does not compromise spec-
tral accuracy.

3. Model configuration and parameters

The model domain is configured with a horizontal
length of Lx 5 10 km. The depth of the water column
ranges from 400 m at x 5 0 to H 5 1000 m at x 5 10
km over a constant slope. Hence the slope angle is u 5
3.58, which is within the general range of oceanic over-
flows, such as the Red Sea overflow entering the Tadjura
Rift (e.g., Özgökmen et al. 2003). In the 3D case, the
domain is extended by Ly 5 2 km in the spanwise di-
rection (Fig. 1a).

The boundary conditions at the bottom are no-slip
and no-normal flow for the velocity components and
no-normal flux, ]S/]n 5 0, with n being the normal
direction to the boundary, for salinity (Fig. 1a). At the
top boundary, free-slip and rigid-lid boundary condi-
tions are used. The model is entirely driven by the ve-
locity and salinity forcing profiles at the inlet boundary
at x 5 0. The velocity distribution at the inlet (Fig. 1b)
matches no-slip at the bottom and free-slip at the top
using fourth-order polynomials such that the depth in-
tegrated mass flux across this boundary is zero. The
model is initialized by using a salinity distribution of
the form

20
1 x

S(x, y, z, t 5 0) 5 exp 25 6[ ]2 1 1 a sin(py)

1 2 z
3 1 2 cos p .1 2[ ]0.4

The sinusoidal perturbation in the y direction facilitates
transition to 3D flow in the 3D experiments. The tran-
sition from dense water at the bottom to overlying light
water is consistent with the flow reversal for the velocity
boundary condition (Fig. 1b). Imposing a steady inlet
velocity profile independent of the interior dynamics of

the density current would lead to either a recirculating
flow at the inlet in the case of overestimation or a thin-
ning down of the density current as it flows downslope
because of an inadequate rate of supply. In order to
avoid this, the amplitude of inflow velocity profile was
made time dependent and scaled with the propagation
speed of the gravity current, which is zero at t 5 0 and
reaches a constant value shortly after release (as shown
below). Outflow boundary conditions of the type ]u/]x
5 ]S/]x 5 0 are used at the exit boundary at x 5 Lx .
Because the interior is initialized with homogenous,
light (S 5 0) water, the density front propagation is the
fastest signal in the system (as opposed to a stratified
interior, which may permit faster internal waves). By
terminating the integrations before the nose of density
current reaches this boundary, the potential complica-
tions involving the outflow boundary are avoided, albeit
with the limitation of focusing only on the ‘‘start up’’
phase of plumes rather than those in a statistically steady
state. Last, periodic boundary conditions are applied at
the lateral boundary for 3D simulations.

The main parameters of the system are the Rayleigh
number Ra, the Prandtl number Pr, and the diffusivity
ratio r. The Prandtl numbers are well known at the mi-
croscale (Pr ø 7 for temperature and Pr ø 700 for
salinity), but these values are not well defined for larger
scales. Here, it is assumed that the impact of turbulent
motion is much higher than that of molecular diffusiv-
ities on the effective subgrid-scale diffusion, such that
there is no difference between turbulent viscosity and
diffusivity, and Pr 5 1. This assumption is supported
by laboratory data from Webster (1964). Owing to the
high aspect ratio of ocean basins [O(106 m) wide but
O(103 m) deep], it is generally assumed that diapycnal
diffusivity is very small (K ø 10 25 m2 s 21 and r K 1).
This observation clearly applies to large-scale flows be-
cause the ocean maintains a characteristic stratification
over long time scales. However, this observation no
longer applies near boundaries, regions of forcing, lo-
calized dissipation, and internal waves, all of which
characterize overflows. Here, the vertical mixing ratio
is chosen such that the horizontal and vertical diffusion
terms in the momentum equations are approximately
equal, that is, r ø O(H 2 / ) ø 10 22 , and specifically2Lx

r 5 2 3 10 22 in this study. Last, because Ra represents
the range of turbulent scales, the highest Ra permitted
by the numerical resolution is used, and Ra 5 5 3 106

in the experiments presented below. In terms of dimen-
sional quantities, this corresponds to DS 5 1 psu and
nh ø 1 m2 s 21 .

An important factor in the dynamics of oceanic over-
flows is rotation. The scale at which the Coriolis force
becomes comparable to buoyancy force is a complex
function of the slope angle, stratification, and friction
(e.g., Griffiths 1986). A simple spatial scale for rota-
tional effects to become important is given by the radius
of deformation / f, which is approximately 17 kmÏg9h
at midlatitudes with the experimental parameters, as
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FIG. 1. (a) Schematic depiction of the domain geometry and boundary conditions (length scale is
in kilometers). (b) Velocity profile at the forcing boundary and the initial distribution of salinity.
Distribution of elements is depicted in the background. Color scale is in Fig. 2.

compared with Lx 5 10 km. The rotation time scale is
f 21 ø 15 000 s while, as shown below, the gravity
currents cross the domain is ø10 000 s. Hence, the
results presented here apply to the phase before the im-
pact of rotation starts influencing the flow patterns.
Therefore, rotation is neglected here as a first-order ap-
proximation; it will be the focus of a future investiga-
tion. Last, neglect of rotation allows us to compare re-
sults from numerical experiments with those from lab-
oratory experiments, the great majority of which have
been conducted in the absence of rotation.

The spectral element method offers a dual approach
to convergence: algebraic via elemental grid refinement,
and exponential via increase in the order of intra-ele-
ment interpolation. We therefore chose to use a mini-

mum number of elements so that the shape of the domain
geometry is adequately captured and the element size
is adjusted to better capture the bottom boundary layer.
Once the element distribution satisfies these criteria, we
increase the spectral truncation degree for the conver-
gence of the technique. In general, the numerical so-
lution of the physical problem of interest benefits from
two well-known features of spectral element models:
the lack of numerical dissipation and excellent phase
properties.

The 2D mesh has K 5 400 elements (50 3 8 in the
x and z directions), and the 3D mesh has K 5 4000
elements (50 3 8 3 10 in the x, z, and y directions).
The elements have a smaller vertical scale toward the
bottom boundary and follow topography (Fig. 1b).
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TABLE 1. Parameters of the numerical simulations.

Domain size (Lx , Lz 5 H, Ly)
Slope angle
Rayleigh No.
Prandtl No.
Diffusivity ratio
Viscosities

In 2D (104 m, 103 m); in 3D (104 m, 103 m, 2 3 103 m)
u 5 3.58
Ra 5 5 3 106

Pr 5 1
r 5 2 3 1022

nh 5 1.17 m2 s21 and ny 5 2.34 3 1022 m2 s21

Diffusivities
Salinity range
No. of elements (x, z, y)
Polynomial degreee
No. of grid points
Time step

Kh 5 1.17 m2 s21 and Kv 5 2.34 3 1022 m2 s21

DS 5 1.0 psu
In 2D (50, 8); in 3D (50, 8, 10)
N 5 10
In 2D 4 3 104; in 3D 4 3 106

Dt 5 0.85 s

Therefore, the discretization is free from chronic prob-
lems encountered in Cartesian-coordinate models (e.g.,
Winton et al. 1998). The results presented in this paper
are obtained by using spectral truncation with a poly-
nomial degree of N 5 10, which corresponds to 4 3
104 grid points for the 2D case and 4 3 106 grid points
in the 3D case. With a time step of Dt 5 10 26 (0.85 s),
the Courant number remains C , 1 throughout the sim-
ulations. (Experiments repeated with N 5 6 show no
significant difference from those with N 5 10.) The
model parameters are summarized in Table 1.

The experiments are conducted on a Beowulf Linux
cluster consisting of 17 nodes with 1 GByte s 21 Ethernet
connectivity. Each node has dual Athlon 1.7-GHz pro-
cessors with 1024 MByte of memory. Two-dimensional
simulations are conducted on 16 processors and take
approximately 2 h (simulated to a real-time ratio of ø2),
whereas 3D simulations take approximately 9 days on
32 processors (simulated to a real-time ratio of ø1/60).

4. Results

The experimental strategy is as follows. The 2D ex-
periment, designated as EXP-2D, is compared with 3D
experiments, EXP-3Da and EXP-3Db, which differ only
in the spanwise initialization of the density current. We
compare the experiments first qualitatively and then
quantitatively using downslope propagation speeds,
growth rates of the head, turbulent overturning length
scales, and entrainment parameters.

a. Description of the experiments

The evolution of the salinity distribution in EXP-2D
is shown in Fig. 2a. The system is initialized as de-
scribed in section 3 and starts from rest. The initial
development of the system is that of the so-called lock-
exchange flow (e.g., Keulegan 1958; Simpson 1987), in
which the lighter fluid remains on top and the denser
overflow propagates downslope. The dense gravity cur-
rent quickly develops a characteristic ‘‘head’’ at the
leading edge of the current (Fig. 2b). The head is one-
half of a dipolar vortex, which is a generic flow pattern
that tends to form in two-dimensional systems by self-

organization of the flow (e.g., Flierl et al. 1981; Nielsen
and Rasmussen 1996) and that corresponds to the most
probable equilibrium state maximizing entropy (Smith
1991). Initially, the gravity current is stable, but by the
time the current travels one-half of the domain length,
the head becomes unstable, exhibiting breaking waves
and intense mixing (Fig. 2c). The head grows and is
diluted as the gravity current travels further down the
slope, the result of entrainment of fresh ambient fluid.
The trailing current, the ‘‘tail,’’ initially displays only
some patterns of waves, but later (Fig. 2c) the instability
near the top of the tail leads to a rolling up of the density
interface in lumped vortices separated by a characteristic
length scale. This behavior is clearly indicative of the
Kelvin–Helmholtz instability, in which waves made up
of fluid from the current entrap the ambient fluid (e.g.,
Corcos and Sherman 1984). Initially, Kelvin–Helmholtz
rolls also remain quite stable and grow in size by en-
trainment of ambient fluid and vortex pairing (e.g.,
Klaassen and Peltier 1989). Eventually, the system be-
comes quite complex, exhibiting shedding of dense
blobs and localized features resembling hydraulic jumps
(Figs. 2d,e). These features were not observed in pre-
vious 2D simulations by Özgökmen and Chassignet
(2002), which were conducted at lower Ra (ø5 3 104–
30 3 104 , in our units) because of the lower order and
convergence of the finite-difference method with respect
to that of the spectral-element method. The integration
is terminated once the density front reaches x ø Lx (Fig.
2e).

The 3D experiments are conducted by simply ex-
tending the domain in the spanwise direction by Ly 5
2 km and applying periodicity at the lateral boundaries.
A sinusiodal perturbation is imposed on the density cur-
rent initialization in the spanwise direction (Fig. 3a,
corresponding to a 5 0.1) to accelerate the transition
to 3D flow. Other options to facilitate 3D breakdown
include 1) addition of random perturbations to the equa-
tions of motion and 2) introduction of y-dependent forc-
ing as velocity or salinity boundary conditions. How-
ever, using option 1 could potentially degrade the high
accuracy of the model numerics, and option 2 could act
in a way that it is no longer valid to compare 2D and
3D cases. Here, EXP-3Da simulation remains equivalent
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FIG. 2. Salinity distribution in EXP-2D at (a) t 5 0, (b) t 5 2125 s (ø0.6 h), (c) t 5 4675 s
(ø1.3 h), (d) t 5 9350 s (ø2.6 h), and (e) t 5 11050 s (ø3.1 h).

to EXP-2D in the spanwise-integrated sense, in terms
of parameters, forcing, and initialization.

As the gravity current starts from rest (Fig. 3a), the
initial perturbations actually decay such that the current
becomes nearly 2D at the beginning (Fig. 3b). As the
system gains enough inertia, 3D perturbations amplify
(Fig. 3c) and make significant changes in both the head
and trailing fluid. The flow along the leading edge of
the current is composed of a complex pattern of so-
called lobes and clefts that are highly unsteady (Figs.
3c,d) and well-known features from laboratory exper-
iments tracing back to the work of Simpson (1972). It
was conjectured (e.g., Simpson 1987) that a gravita-

tional rise of the thin layer of light fluid that the gravity
current overruns is responsible for the breakdown of the
flow at the leading edge. Recently, Härtel et al. (2000)
put forth that instability associated with the unstable
stratification prevailing at the leading edge between the
nose and stagnation point of the front could also account
for this behavior. In the trailing fluid, the initial insta-
bilities appear to be 2D Kelvin–Helmholtz rolls that
span the entire width of the domain (Fig. 3c). These
rolls gradually exhibit transition to 3D (Fig. 3d). The
development of spanwise instabilities in Kelvin–Helm-
holtz rolls was investigated by Klaassen and Peltier
(1991), who classified them into two categories. First
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FIG. 3. Distribution of salinity surface 0.3 # S # 0.6 in EXP-3Da at (a) t 5 0, (b) t 5 2125 s (ø0.6 h), (c) t 5 4675 s (ø1.3 h), and
(d) t 5 9350 s (ø2.6 h). Color scale is in Fig. 2.

are dynamical secondary instabilities that tend to initiate
in the vortex core and the interface between strongly
rotational and weakly rotational fluid and that develop
independently at different growth rates. Second are con-
vective secondary instabilities in the statically unstable
regions, which develop as the interface between the two
streams overturns. The spanwise variation of shear in-
stability is therefore one of the main mechanisms be-
cause of which differences in propagation speed and
entrainment can exist between 2D and 3D bottom grav-
ity current simulations.

Several streamwise sections of the salinity distribu-
tion are depicted in Fig. 4a for EXP-3Da. While indi-
vidual sections exhibit coherent features similar in size
to those obtained in EXP-2D, the spanwise-averaged
salinity distribution actually shows less structure (Fig.
4b vs Fig. 2c) because of the variation of shear insta-
bilities in the lateral direction.

EXP-3Db differs from EXP-3Da in that the amplitude
of the initial spanwise perturbation is 3 times as large
(a 5 0.3; Fig. 5a vs Fig. 3a). This experiment is con-
ducted to explore the sensitivity of results to this per-

turbation. In a qualitative sense, the description of the
evolution of the system in EXP-3Db (Figs. 5b–d) fol-
lows that of EXP-3Da.

b. Speed of descent

It is well known that in lock-exchange flows (e.g.,
Keulegan 1958) and for constant-flux gravity currents
(e.g., Ellison and Turner 1959; Britter and Linden 1980),
the density front quickly reaches a constant speed of
propagation. The propagation speed is insensitive to var-
iations in slope angle, since the increase in gravitational
force from the greater slope angle is compensated by
buoyancy gain from increased entrainment. In order to
conduct a quantitative comparison with previous labo-
ratory and numerical results, the location of density
fronts is measured from spanwise-averaged salinity dis-
tributions that are sampled every 500 time steps. The
position of density fronts XF as a function of time is
shown in Fig. 6 for all experiments. In EXP-2D, the
density front propagates at a remarkably constant rate,
which is initially followed closely by EXP-3Da,b, but
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FIG. 4. (a) Streamwise slices and (b) spanwise-average of salinity distribution in EXP-3Da at t
5 4675 s (color scale is in Fig. 2).

a transition takes place during the time interval 3000 s
# t # 3500 s in that the 3D experiments start deviating
from the 2D case by adopting a faster rate of propa-
gation. This time period coincides with the transition
from approximately 2D to 3D instabilities in EXP-3Da,b
as shown in Figs. 3b–c and 5b–c. Since the speed of
propagation is closely linked with details of entrain-
ment, Fig. 6 suggests that there is a marked shift in the
nature of entrainment following the onset of 3D insta-
bilities.

The relevant scale for the propagation speed is the
speed of internal wave associated with the buoyancy
input. In lock-exchange flows, the buoyancy speed scale
is , where g9 5 gbDS ø 7 3 10 23 m s 22 is theÏg9h0

reduced gravity and h0 5 200 m is the thickness of
dense water at the top of the slope, leading to a speed
scale of 1.17 m s 21 . Even though this scale applies to
flows over horizontal surfaces, given the gentle slope
in this study, it is reasonable to make a comparison with
this speed scale. The propagation speed is estimated
from UF 5 dXF /dt, and the ratio UF / is plottedÏg9h0

in Fig. 7 for all experiments. Following an initial ad-
justment period, EXP-2D reaches a constant propaga-
tion speed ratio of UF / ø 0.73, whereas EXP-Ïg9h0

3Da,b oscillate around a mean value of UF / øÏg9h0

0.85. The 3D experiments exhibit more variation in UF ,
probably because of the lobe and cleft instability at the

leading edge (Figs. 3, 4). Benjamin (1968) estimated
theoretically that UF / 5 1/ when the ratio ofÏg9h Ï20

dense water depth and total water depth is 0.5 (as near
the inlet) and UF / 5 1 when the depth ratio isÏg9h0

0.2 (as near the outlet). Figure 7 indicates that Benja-
min’s (1968) formulas yield reasonable bounds for the
results from numerical experiments. However, we note
that theoretical results are subject to a variety of as-
sumptions, some of which are clearly unrealistic, such
as neglect of friction and mixing.

It is therefore of interest to compare the speed of
propagation with that from laboratory experiments. Brit-
ter and Linden (1980) found, and it also follows from
dimensional analysis, that UF ; (g9Q)1/3 where Q is the
volume flux at the inlet. In our experiments, the bound-
ary conditions act in a way to establish quickly a steady
volume flux (spanwise averaged) of Q ø 125 m2 s 21

and hence yield a propagation speed scale of 0.95 m
s 21 . The proportionality constant is estimated from Fig.
8, which shows UF /(g9Q)1/3 5 0.9 for EXP-2D, and UF /
(g9Q)1/3 ø 1.1 for EXP-3Da,b. These results, in partic-
ular those from 3D experiments, are in good agreement
with laboratory measurements of Britter and Linden
(1980), who found UF /(g9Q)1/3 5 1.5 6 0.2, and of
Monaghan et al. (1999), who reported UF /(g9Q)1/3 5 1.0
6 0.1.
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FIG. 5. Distribution of salinity surface 0.3 # S # 0.6 in EXP-3Db at (a) t 5 0, (b) t 5 2125 s (ø0.6 h), (c) t 5 4675 s (ø1.3 h), and
(d) t 5 9350 s (ø2.6 h). Color scale is in Fig. 2.

c. Characteristics of the head

The head vortex at the leading edge is a characteristic
feature of the start-up phase in bottom gravity currents.
The lighter fluid is displaced and lifted up by the leading
edge of the gravity current, and strong entrainment takes
place into the head from behind (e.g., as shown in Fig.
11 in Özgökmen and Chassignet 2002). As the head
vortex carries fresh fluid from around the front to the
rear of the head, this entrainment leads to the growth
of the head. Therefore, it is of interest to quantify the
growth rate of the head vortex.

The change in head height H with downslope distance
X is shown in Fig. 9 for all experiments. This figure
indicates that the head of the gravity current in EXP-
2D grows at approximately constant rate of dH /dX ø
0.051. The head does not remain as a coherent structure
all the way down the slope but the front vortex splits
at approximately X 5 7000 m. Following the split, the
size of the front vortex becomes smaller, but it starts
growing at the same rate again. This rate of growth is

in very good agreement with dH /dX ø 0.046 obtained
from the following relationship for u 5 3.58,

dH
23ø 13 3 10 u, for 18 # u # 58, (20)

dX

that was derived by Özgökmen and Chassignet (2002)
based on 2D numerical experiments.

However, Ellison and Turner (1959), Britter and Lin-
den (1980), and Monaghan et al. (1999) obtained from
laboratory experiments that

dH
23ø 4 3 10 u, (21)

dX

and the discrepancy between (20) and (21) was surmised
to be due to the 2D nature of the simulations by Öz-
gökmen and Chassignet (2002).

As shown in Fig. 9, the growth rate of the head in
EXP-3Da,b follows that in EXP-2D until t ø 3500 s,
as all experiments exhibit 2D characteristics during this
initial phase. Once the transition to 3D takes place, how-
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FIG. 6. Position of the density front XF (m) as a function of time
(s) in experiments EXP-2D (pluses), EXP-3Da (asterisks), and EXP-
3Db (open circles).

FIG. 8. Descent speed normalized by the speed of input buoyancy
flux, UF /(g9Q)1/3 . Dashed lines mark the mean values from laboratory
experiments by Britter and Linden (1980): UF /(g9Q)1/3 5 1.5 6 0.2,
and Monaghan et al. (1999): UF /(g9Q)1/3 5 1.0 6 0.1.

FIG. 7. Descent speed normalized by the speed of internal wave
for lock-exchange flows, UF / . Dashed lines show theoreticalÏg9h0

results by Benjamin (1968), who found that UF / 5 1/ whenÏg9h Ï20

the ratio of dense water and total water depth is 0.5 and UF /Ïg9h0

5 1 when the depth ratio is 0.2.

FIG. 9. Change of head height H (m) with distance X (m). Solid
lines show least squares approximations to data points, dH /dX ø
0.051 for 2D phase and dH /dX ø 0.015 for 3D phase.

ever, the head growth rate slows down significantly, and
a least squares fit to data points from EXP-3Da,b yields
dH /dX ø 0.015, which is in very good agreement with
dH /dX ø 0.014 obtained from (21) for u 5 3.58.

The lengths of head L are also estimated from the
experiments. Britter and Linden (1980) demonstrate that

the growth rates of the length and height of the head
are directly proportional, and the aspect ratio of height
versus length is a function of the slope angle. Figure
10 shows that following an initial adjustment period,
the ratio H /L stabilizes around a mean value of

H
ø 0.23, (22)

L
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FIG. 10. Ratio of head height to head length H /L as a function of
distance X (m). The dashed line indicates the laboratory result by
Wood (1965; extracted from Fig. 9 of Britter and Linden 1980) that
H /L ø 0.25 for gravity current over a slope of u 5 58.

FIG. 11. (a) Sample salinity profile taken from EXP-2D at x 5 1.5 km and t 5 9829 s (solid
line). The dashed line shows the same values after being reordered into a stable monotonic profile.
(b) Thorpe displacement d indicates the distance that water parcels in the original salinity profile
must travel to reach stable stratification. Thorpe scale, ,T [ , is proportional to the scale2 1/2^d &z

of vertical overturning.

which is in good agreement with the laboratory result
of Wood (1965; extracted from Fig. 9 of Britter and
Linden 1980) that H /L ø 0.25 for gravity current over
a slope of u 5 58.

d. Turbulent overturning length scales

The geometric scales of the head are analyzed in sec-
tion 4c, but it is of interest to quantify all turbulent
scales that contribute to mixing. Several relevant length
scales in stratified shear flows have been proposed and
investigated in detail (e.g., Ozmidov 1965; Thorpe
1977; Dillon 1982; Osborn 1980; Itsweire et al. 1993;
Smyth and Moum 2000; Tseng and Ferziger 2001).
Some of these length scales require determination of
background potential energy, that is, the minimum po-
tential energy attainable through an adiabatic distribu-
tion of the density field (e.g., Winters et al. 1995). This
is complicated in the present experimental setup in
which boundary fluxes are permitted and a density front
propagates over elevation changes. Given that the main
objective is to compare turbulent length scales in 2D
versus 3D, we focus on a single scale, the Thorpe scale,
which is well defined, commonly used, and straight-
forward to compute. Thorpe’s (1977) method consists
of reordering a model/data density profile, which may
contain inversions, into a stable monotonic profile that
contains no inversions (e.g., Fig. 11a). Thorpe displace-
ment d is the distance that the water parcel must travel
vertically in order to reach neutral buoyancy (e.g., Fig.
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FIG. 12. Average turbulent overturning scales normalized by the initial thickness of dense water
column, ( /h0 ), which are sampled as a function of time at (a) x 5 1.5 km and (b) x 5 4.0 km,T

in EXP-2D (solid lines), EXP-3Da (lines with asterisks), and EXP-3Db (lines with open circles).
Defining a buoyancy time scale tb [ 2p ø 1061 s, the time axis, t 5 12 000 s scales toÏh /g90

t/tb 5 11.3.

11b). The Thorpe scale ,T is defined as the rms of the
displacements,

2 1/2, 5 ^d & , (23)T z

which is proportional to the scale of the vertical over-
turning. It is also useful to define the horizontally av-
eraged Thorpe scale ,,T

, 5 ^, & , (24)T T x,y

where ^ & denotes the mean and the subscripts indicate
the direction.

In the numerical experiments, Thorpe scales are cal-
culated in two ways. The first is by selecting a specific
location in x and then monitoring spanwise-averaged

as the density front arrives and passes by this lo-,T

cation. The second is by calculating over the entire,T

length of descending plumes. The former reveals the
details of coherent structures at specific locations,
whereas the latter gives an average of all turbulent scales
as a function of time.

Figure 12a shows the average Thorpe scale normal-
ized by the initial dense water depth ( /h0 ) near the,T
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FIG. 13. (a) Turbulent overturning scales normalized by the initial thickness of dense water
column, ( /h0 ), which are averaged over the entire length of descending plumes in EXP-2D,T

(solid lines), EXP-3Da (lines with asterisks), and EXP-3Db (lines with open circles). (b) The ratio
of 2D and 3D overturning scales, EXP-2D/EXP-3Da (solid line) and EXP-2D/EXP-3Db (dashed
line).

top of the slope at x 5 1.5 km in all experiments as a
function of time. The turbulent scales in both 2D and
3D experiments exhibit pulses of intense overturning
separated by periods of laminar flow. This seems to be
a manifestation of Kelvin–Helmholtz shear instabilities
that tend to occur at this location, as seen in Figs. 2, 3,
and 5. In addition, ( /h0 ) is calculated near the middle,T

of the slope at x 5 4.0 km (Fig. 12b). The arrival of
the large overturning scale associated with the head vor-
tex is followed by smaller-scale overturning eddies that
seem to be continuous in time rather than episodic as

those at x 5 1.5 km. Figure 12 indicates no significant
difference between the scales observed in EXP-3Da and
EXP-3Db, whereas those in EXP-2D appear to be some-
what larger. Turbulent scales ( /h0 ) averaged over the,T

entire length of descending plumes are shown in Fig.
13a. The growth in the overturning scale in time is due
only partly to the growth of the head vortex and is
inherently related to the transient nature of the experi-
ments. Figure 13a confirms that turbulent scales aver-
aged over the entire plume are somewhat larger in 2D
than in 3D. The ratio of 2D and 3D scales is quantified
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in Fig. 13b (after the initial transient), which indicates
that, on average, turbulent scales are 30%–50% larger
in EXP-2D than those in EXP-3Da,b. This difference
seems to be because, as indicated by Fjortoft’s (1953)
theorem, 2D turbulence allows for cascade of energy
toward both small and large scales, leading to a double
cascading spectrum (e.g., Lesieur 1997). Physically, the
inverse energy transfer to large scales results from pair-
ing of Kelvin–Helmholtz vortices, which is well doc-
umented in 2D shear flows (e.g., Corcos and Sherman
1984; Klaassen and Peltier 1989). In 3D, the energy
cascade is toward small scales, with the coherent over-
turning structures being created and maintained under
the steady gravitational forcing in the system. Ulti-
mately, the work done by the turbulent overturning ed-
dies determines how much ambient fluid is entrained
into the gravity currents, which is quantified in the next
section.

e. Entrainment

Following the definition of Morton et al. (1956), en-
trainment is typically quantified as

wEE [ , (25)
U

where wE is the net entrainment velocity and U is the
local current speed. For bottom gravity currents, this
can be approximated as

dh
E ø , (26)

,

where dh is the increase (decrease) in the thickness of
the dense current due to entrainment (detrainment) over
a net streamwise distance of ,. We note that while rel-
atively reliable estimates of , or U are possible, wE or
dh can be very difficult to estimate by using profiles
from individual sections, in particular for 3D data, be-
cause of the highly turbulent and time-dependent nature
of the flow. Here, we define an entrainment metric that
is similar to previous definitions by Meleshko and Van
Heijst (1995), Hallworth et al. (1996), and Özgökmen
and Chassignet (2002) but has the advantages of being
a reliable estimate that applies equally well to both tran-
sient and statistically steady flows and being compatible
with definitions (25) and (26):

V (t) 2 V (t)total 0E(t) [ , (27)
V(t)

where Vtotal is the total volume of dense fluid
L X (y9,t)y F

V (t) [ h(x9, y9, t) dx9 dy9, (28)total E E
0 x0

between a reference station of x0 and the leading edge
of the density current XF . Here, we take x0 5 1.5 km
to clear the initial volumes of the dense water in the

experiments (e.g., Figs. 2a, 3a, 5a). The overflow thick-
ness h is calculated from

z0

h(x, y, t) [ g(x, y, z9, t) dz9,E
0

where

0, when S(x, y, z, t) , e
g(x, y, z, t) 5 (29)51, when S(x, y, z, t) $ e,

where z0 is the depth of bottom topography, and e 5
0.2 (psu) is the density interface threshold value, since
it is the lowest density value remaining as a coherent
part of the gravity current (fluid particles with lower
density tend to detach from the current and be advected
with the overlying counter flow). In principle, the den-
sity interface threshold value can be continuously varied
to explore exchanges of fluid between different density
layers; however, this is beyond the scope of our interest
here. Here V0 is the input volume of dense fluid at the
reference station at the top of the slope (for small u)

t L zy 0

V (t) [ u(x , y9, z9, t9) dz9 dy9 dt9, (30)0 E E E 0

0 0 z 1h0

and finally
2V(t) [ ,(t) L ,y (31)

where (t) 5 ^XF (y, t) 2 x0 &y is the spanwise-averaged,
length of the dense overflow measured from the refer-
ence station x0 .

Noting that

V (t) 5 h(t),(t)L and (32)total y

V (t) 5 h (t),(t)L , (33)0 0 y

where (t) and 0 (t) are the total (with entrainment)h h
and original (without any entrainment) mean thickness
of dense water, we can write (27) as

h(t) 2 h (t)0E(t) 5 . (34)
,(t)

It can be seen that (34) is compatible with traditional
definitions (25) and (26), but estimation of (t)and 0 (t)h h
from volume integrals (28) and (30) leads to reliable
estimates of E. (In 2D, integration in the y direction is
not necessary, and volume integrals reduce to area in-
tegrals.)

Figure 14 depicts time evolutions of (t) and 0 (t)h h
in EXP-2D. Since there is no entrainment initially, 0h
ø . Once the head starts forming during 1500 s # th
# 2500 s, these quantities start to differ. We note that

0 stabilizes around a mean value of 150 m, whereash
shows a steady increase because of entrainment. Sim-h

ilar behavior follows in the other experiments (not
shown).

Time evolutions of entrainment parameters E(t) in all
experiments are shown in Fig. 15. Entrainment starts at
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FIG. 14. Time evolution of original mean overflow thickness (t)h0

and total mean overflow thickness (t) in EXP-2D. Note that øh h0

until the initial formation of the head during 1500 s # t # 2500h
s and then stabilizes around a mean value of 150 m whereash h0

shows a steady increase because of entrainment.

FIG. 15. Time evolution of entrainment parameters E (t) in all ex-
periments. Dashed line marks the estimate E 5 (5 1 u) 3 10 23 5
0.0085 given by Turner (1986) based on laboratory experiments of
Ellison and Turner (1959).

slightly different times because of differences in the
initialization of the experiments. The initial entrainment
rates are quite comparable because of the 2D nature of
the flow during initial stages, as discussed earlier. En-
trainment parameter decreases in time in all experi-
ments, because initially entrainment is associated with
the growth of the head, which is known to be higher
than that in the trailing flow (e.g., Turner 1986). As the
gravity current flows down the slope, the contribution
of the head entrainment to overall entrainment decreas-
es. Entrainment in 3D experiments decreases at a faster
rate than that in EXP-2D partly because the head starts
showing 3D characteristics after t . 3000 s (Fig. 9) and
grows at a smaller rate, as discussed in section 4c. In
general, it is not surprising that the entrainment during
the start-up phase is higher than that in a phase ap-
proaching equilibrium (e.g., Beckmann 1998). It is
worth noting that the Thorpe scales are somewhat small-
er in EXP-3Db than those in EXP-3Da (Fig. 13), and
consequently entrainment parameter E is also slightly
smaller in EXP-3Db (Fig. 15). As the only difference
between these experiments is the initial conditions (Fig.
3a vs 5a), we conclude that the currents do not totally
decorrelate from the initial conditions over most of the
slope. However the results from both experiments are
converging in the second half of the integration (for t
. 7000 s; Figs. 13, 15), and the difference in E between
EXP-3Da and EXP-3Db is much smaller than those be-
tween EXP-3Da,b and EXP-2D. By the end of the in-
tegrations, E in EXP-2D is approximately 2 times those
from EXP-3Da,b, which is consistent with the results

found about differences in turbulent length scales in
section 4d. For reference, the estimate E 5 (5 1 u) 3
10 23 given by Turner (1986) based on laboratory ex-
periments of Ellison and Turner (1959) is plotted in Fig.
15 as well. Note, however, that the actual laboratory
experiments were conducted for u . 108 and the above
relationship is extended to u 5 3.58 in this study. The
entrainment parameter in 3D experiments is E ø 5 3
10 23 at the end of the integrations, but possibly still
decreasing. This is somewhat higher than the entrain-
ment parameters observed in oceanic overflows, which
are estimated to be in the range of 0.2 3 10 23 # E #
2 3 10 23 (Baringer and Price 1997b: based on Medi-
terranean Sea overflow observations; Özgökmen et al.
2003: based on Red Sea overflow observations and nu-
merical modeling). However, the high entrainment in
the numerical experiments could be due to a variety of
factors, including the time-dependent nature of the flow,
differences in slope angles, the neglect of rotation and
ambient stratification, and generally, the idealized nature
of this investigation.

5. Summary and conclusions

This study is motivated by the fact that most deep
and intermediate water masses are released into the
large-scale ocean circulation from high-latitude and
marginal seas in the form of overflows. In light of ob-
servations that revealed that the mixing of overflows
with the ambient fluid takes place over very small spatial
and time scales (Price et al. 1993; Baringer and Price
1997a,b; Price and Yang 1998), and studies with ocean
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general circulation models that demonstrated that the
strength of the thermohaline circulation is very sensitive
to details of the representation of overflows in these
models (e.g., Willebrand et al. 2001), overflow-induced
entrainment is being generally recognized as one of the
prominent oceanic processes. The importance of over-
flows has led to significant effort to improve their rep-
resentation in ocean models, and significant progress
has been achieved recently (e.g., Beckmann and Dösch-
er 1997; Winton et al. 1998; Killworth and Edwards
1999; Jungclaus and Mellor 2000; Hallberg 2000; Nak-
ano and Suginohara 2002; Papadakis et al. 2003).

Process modeling is an important avenue that will
complement dedicated observational programs such as
those in the Meditteranean Sea (Price et al. 1993) the
Red Sea (Bower et al. 2002; Peters et al. 2004) and the
Denmark Strait (Girton et al. 2001) in order to improve
parameterizations of overflow processes. However, be-
cause of the small space and time scales, exploration of
overflow processes demands high-resolution, nonhydro-
static models. In recent nonhydrostatic simulations of
bottom gravity currents in idealized (Özgökmen and
Chassignet 2002) and realistic (Özgökmen et al. 2003)
settings, a 2D model was used, which offers great sim-
plicity and computational efficiency, albeit at the ex-
pense of allowing only the spanwise component of vor-
ticity and thus potentially modifying the ways in which
mixing and entrainment can take place in a real fluid.
Therefore, a logical next step is to conduct 3D numerical
experiments. Our primary objective in this study is to
explore differences between 2D and 3D nonhydrostatic
simulations bottom gravity currents.

Three-dimensional nonhydrostatic experiments are
facilitated greatly by the use of a sophisticated numer-
ical model that has good convergence characteristics to
minimize the number of grid points and time steps, and
good scalability on parallel computers. Spectral-element
models provide characteristics such as minimal numer-
ical dissipation and excellent scalability. Spectral-ele-
ment design combines the geometric flexibility of finite-
element models with the numerical accuracy of spectral
decomposition. It also offers a dual approach to con-
vergence: algebraic via elemental grid refinement and
exponential via the increase in the order of intra-element
interpolation. The use of the spectral-element method
for ocean general circulation (hydrostatic) simulations
has been pioneered by Iskandarani et al. (1995, 2002,
2003). Here we use a high-order spectral-element Na-
vier-Stokes solver (documented in detail in Fischer
1997; Fischer et al. 2000; Tufo and Fischer 1999; Fi-
scher and Mullen 2001) as the basis for our nonhydro-
static simulations.

The initial evolution of a dense water mass released
at the top of a sloping wedge at a constant angle is
explored. Results from a 2D turbulent simulation, de-
noted EXP-2D, are compared with those from equiva-
lent 3D simulations, denoted EXP-3Da,b, that are con-
ducted by extending the domain in the spanwise direc-

tion. The 3D experiments differ only in the magnitude
of the initial spanwise perturbation that is used to fa-
cilitate 3D breakdown. No significant difference is
found between the results from the two 3D experiments,
but they provide two different realizations, thus increas-
ing the reliability of the results. To our knowledge, the
present numerical simulations are the first to capture
explicitly 3D shear instability in bottom gravity currents
propagating over a sloping topography.

Qualitatively, evolutions of bottom gravity currents
in 2D and 3D are similar, both exhibiting a large vortex
in the leading edge and shear instabilities in the trailing
fluid. In 3D experiments, both the head vortex and
Kelvin–Helmholtz rolls show 2D characteristics span-
ning the entire width of the domain but then make a
transition to 3D by exhibiting a breakdown of spanwise
rolls and the so-called lobe and cleft instability in the
leading edge, which is caused by the instability asso-
ciated with the nose propagation (Härtel et al. 2000)
and is a well-known feature from laboratory experi-
ments (e.g., Simpson 1972).

Quantitatively, the propagation speed of the density
front is UF /(g9Q)1/3 ø 0.9 (or UF 5 0.85 m s 21 ) in EXP-
2D and UF /(g9Q)1/3 ø 1.1(or UF 5 1.0 m s 21 ) in EXP-
3Da,b, which are in good general agreement with lab-
oratory results of (1 6 0.1) # UF /(g9Q)1/3 # (1.5 6
0.2) (Britter and Linden 1980; Monaghan et al. 1999)
and analytical estimates of Benjamin (1968). The
growth rate of the head is dH /dX ø 0.051 in EXP-2D,
in good agreement with the relationship dH /dX ø 13
3 10 23 u ø 0.046 derived by Özgökmen and Chassignet
(2002) based on 2D simulations. However, dH /dX ø
0.015 in EXP-3Da,b, in very good agreement with dH /
dX ø 4 3 10 23 u ø 0.014 based on laboratory exper-
iments by Ellison and Turner (1959), Britter and Linden
(1980), and Monaghan et al. (1999). Hence, the head
growth rate is 3 times as large in 2D as in 3D. To explore
differences in turbulent length scales, Thorpe scales are
calculated, which are found to be 1.3–1.5 times as large
in 2D as those in 3D. The difference is scales results
from cascade of energy to large scales in 2D turbulence.

Differences in the speed of propagation, head growth
rates, and turbulent length scales clearly point toward
differences in the entrainment characteristics in 2D and
3D. A method for a reliable estimation of entrainment
parameter E is introduced that applies equally well to
transient and statistically steady flows, is compatible
with traditional definitions of entrainment, and is suit-
able for processing large data sets in 2D or 3D. It is
shown that E in EXP-2D can be 2 times that in EXP-
3Da,b. In absolute terms, E ø 5 3 10 23 in EXP-3Da,b,
which compares reasonably well with E ø 8.5 3 10 23

based on a relationship given by Turner (1986), when
extended to the slope angle of this study. The entrain-
ment parameter in the numerical experiments is some-
what higher than those observed in oceanic overflows,
which are typically in the range of 0.2 3 10 23 # E #
2 3 10 23 . This discrepancy could be explained by a
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variety of factors that include the time-dependent nature
of the flow, differences in slope angles, the neglect of
rotation and ambient stratification, and, generally, the
idealized nature of this investigation.

In conclusion, although some differences between 2D
and 3D simulations, which arise entirely because of in-
ternal factors associated with the truncation of the Na-
vier–Stokes equations for 2D approximation, can be sig-
nificant in a quantitative sense, 2D results are qualita-
tively still very close to those from 3D simulations.
Therefore, in the absence of external factors that can
trigger 3D circulation patterns, such as topographic var-
iations in the spanwise direction and rotation, 2D ap-
proximation provides a computationally inexpensive ap-
proach to investigate the general behavior of bottom
gravity currents. We surmise that far more significant
differences between 2D and 3D results would arise in
cases in which topographic slope varies in the spanwise
direction or rotational effects are important. These top-
ics will be investigated in the near future.

Acknowledgments. We greatly appreciate the support
of the National Science Foundation through Grants
DMS 0209326 and OCE 0336799, the Office of Naval
Research through Grant N00014-03-1-0425, and the
Mathematical, Information, and Computational Scienc-
es Division subprogram of the Office of Advanced Sci-
entific Computing Research, U.S. Department of En-
ergy, under Contract W-31-109-ENG-38. Earlier ver-
sions of the manuscript benefited greatly from com-
ments by Bill Johns, Mohamed Iskandarani, Pearl
Bongolan Walsh, and technical editing by Gail Pieper
and Judy Beumer. We thank Ashwanth Shrinivasan for
the design, construction, and maintenance of the com-
puter cluster used to run the numerical experiments.

REFERENCES

Baines, P. G., 2001: Mixing in flows down gentle slopes into stratified
environments. J. Fluid Mech., 443, 237–270.

Baringer, M. O., and J. F. Price, 1997a: Mixing and spreading of the
Mediterranean outflow. J. Phys. Oceanogr., 27, 1654–1677.

——, and ——, 1997b: Momentum and energy balance of the Med-
iterranean outflow. J. Phys. Oceanogr., 27, 1678–1692.

Beckmann, A., 1998: The representation of bottom boundary layer
processes in numerical ocean circulation models. Ocean Mod-
eling and Parameterization, E. P. Chassignet and J. Verron, Eds.,
Kluwer Academic, 135–154.
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