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Abstract The transport of oil droplets following a surface oil spill was investigated using a uniform
vertical eddy diffusivity model and the K‐proﬁle parameterization model, which assumes a maximum K
value at 1/3 depth of the mixed layer. The initial droplet size distribution was obtained based on the Delvigne
and Sweeney (1988, https://doi.org/10.1007/s13131‐013‐0364‐7) model. Using a uniform eddy diffusivity
Kave, an exact analytical solution was used to produce the transient and steady state proﬁle of the
concentration of droplets of all sizes. It was found that the concentration at the surface is proportional to the
droplet rise velocity and inversely proportional to Kave. Thus, small droplets (smaller than 100 μm) do not
persist at the water surface. It was found that K‐proﬁle parameterization produces smaller concentrations at
the water surface than the uniform K model. The impact of waves was introduced into the K‐proﬁle
parameterization model through a roughness height, zo, that is comparable to the wave height. The
investigation herein reveals that the Delvigne and Sweeney approach, commonly used in oil spill modeling,
is not sufﬁcient to predict the oil droplet size distribution, and that one needs to use a vertical eddy diffusivity
to accurately predict the transport in the following hours and days. A new dimensionless formulation
was provided to generalize the results, and showed that transport depends on three major parameters, the
water friction speed, the mixed layer depth, and the droplet diameter.
Plain Language Summary Oil slicks at sea form oil droplets that get transported into the water
column based on their size (buoyancy) and the vertical mixing at sea, as governed by the eddy diffusivity
(K) proﬁle. We explored using a uniform K and the well‐known K‐proﬁle parameterization model. The
uniform K proﬁle provided fundamental relations between the size of each droplet and the level of
turbulence. It was found that the concentration of a given oil droplet size is proportional to the rise velocity
and inversely proportional to K. Based on the Stokes' laws, the concentration at the sea surface is
proportional to the square of the droplet diameter. Therefore, the concentration of 5‐μm droplets (for
example) is 100 times smaller than the concentration of 50‐μm droplets. The K‐proﬁle parameterization
model was found incapable of transporting droplets below the surface due to turbulence, which is not
realistic; hence, a parameter is applied to the amended model to account for the impact of waves. A
dimensionless formulation was introduced and it shows that two sea systems of various wind speeds, mixed
layer depth, and droplet size could be equivalent. Therefore, one could use it to design experiments and/or to
interpret sea observations.
1. Introduction
Predicting the transport of oil droplets in the water column is of major importance to assess the impact of oil
spill on the ecosystem and communities (NRC, 2013). For oil released at the water surface, the long‐term
(hours to days) transport of oil droplets is not well understood, but the “rule of thumb” is that small oil droplets (e.g., smaller than 100 μm) do not persist at the water surface (Lunel, 1993).
Delvigne and Sweeney (DS; Delvigne & Sweeney, 1988) conducted a series of experiments to predict the droplet size distribution following a wave breakup. Their interest was on small time scales (up to tens of minutes) following droplet formation. They obtained an empirical relation of the form:
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N ðdÞ ¼ a×d−b
(1)
where N(d) is the number (or number concentration) of oil droplets of diameter “d,” and “a” and “b” are
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constants. The constant a is directly related to the amount of oil placed at the water surface prior to wave
breaking. The values of a and b are 0.067e − 6 and 2.3, respectively. The value of a depends on the volume
of oil they added into their setup, and is thus not of major physical importance. We note below how future
works compared to this observation.
The oil droplet size distribution (DSD) in the water immediately below the water surface depends on two
mechanisms: (1) the generation of droplets at/near the water surface and (2) the vertical transport of oil droplets due to impinging waves. At the microscopic scale, an oil is created when the forces of “destruction”
around it (namely due to turbulence and shear due to waves) become larger than the forces that tend to keep
the droplet together (namely, oil‐water interfacial tension and oil viscosity). This is well captured by the
Weber number (Hinze, 1955) viz,
We ¼

ρu2 d
σ

(2)

where ρ is the water density, u is a velocity due to waves, d is the droplet diameter, and σ is the oil water interfacial tension. When destructive forces increase (more turbulent ﬂow) and/or when the IFT decreases (due to
the usage of dispersant), the Weber number increases, and when it exceeds a threshold (depending on the
ﬂow geometry), the droplet would break. The impact of oil viscosity is captured using the so‐called modiﬁed
Weber number (Hinze, 1955), which was well developed in later works (Calabrese et al., 1986; Wang &
Calabrese, 1986). The concept was introduced to the ﬁeld of oil spill by Johansen et al. (2013) for oil from jets
and later to oil dispersion due to waves by Johansen et al. (2015). The latter produces the d50 (volume mean
diameter) of oil droplets based on wave properties and the DSD was assumed to be lognormal, with a width
that would need to be estimated experimentally. Lehr et al. (2014) provided a review on the application of the
Weber number for oil dispersion due to waves, and explored various forms of the modiﬁed Weber number.
These approaches assume the shape of the oil DSD. Zhao et al. (2014) developed the VDROP model that
can produce the oil droplet size distribution based on the hydrodynamics and oil properties, and used it to predict the theoretical oil DSD in a sea state when wave breaking occurs at the same location every 2 min.
However, they did not predict the downward movement of the oil droplets in the water column, and thus,
direct comparison to DS could not be made.
The transport of oil droplets (second mechanism above) was conducted in various works. Earlier were
focused on the horizontal transport near the water surface (Elliot et al., 1986), In that work, the oil plume
shape was described as a comet, as it had a large mass in the front followed by a “tail” representing decreasing concentrations of droplets. The behavior is due to the large buoyancy of large droplets combined with the
Stokes drift, which is largest near the water surface. The behavior was reproduced in the works of the
Boufadel group dealing with regular waves (Boufadel et al., 2006; Boufadel et al., 2007). Geng et al. (2016)
extended the work to consider transport due to irregular waves generated based on the JONSWAP wave spectrum (Hasselmann, 1973). These studies observed that buoyant droplets would persist at depths inversely
proportional to their buoyancy, and thus, neutrally buoyant droplets would spread indeﬁnitely in the water
column. However, they did not establish a clear relation between the buoyancy force, eddy diffusivity, and
the orbital motion of waves. Recent works are combining computational ﬂuid dynamics modeling and oil
droplet transport; Golshan et al. (2018) investigated the transport of droplets under regular waves by combining k − ε turbulence model with the Lagrangian particle tracking model NEMO3D. Cui et al. (2018) extended
that work to consider a plunging breaker, and noted that the vertical motion of air pockets entrains the droplet into the water column.
Li et al. (2017) conducted plunging breaker experiments similar to those of DS, but extended the scenarios to include the impact of dispersant. They measured the DSD using high‐resolution cameras and conﬁrmed the general expression of equation (1) up to droplets with diameter of 800 μm in the absence of
dispersant. In the presence of dispersant, they found b ≈ 2.2 (i.e., the decrease with an increase in the
diameter is slower than obtained by DS) up to a diameter equal around 70 μm, and found b ≈ 5 for larger diameters. The correlation of DS (equation (1)) was also revisited by Johansen et al. (2015) who provided a more physical basis for equation 1, based on the Weber number, the ratio of destructive forces
(due to wave height) to resistance forces (due to the oil IFT and viscosity). Other formulations, based
partially on the Johansen et al. (2015) work, have been also presented (Li et al., 2017; Pan et al.,
2017; Zeinstra‐Helfrich et al., 2015).
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Figure 1. General deﬁnitions of sea parameters used in this paper. The roughness height zo and the wave‐enhanced layer
are based on Craig and Banner (1994). The mixed layer and ocean interior, as reported in Large et al. (1994).

Given the initial DSD following a wave breakup, one may use an approach similar to that of Geng et al. (2016)
to predict downward and horizontal transport. But that would require time resolutions on the order of seconds (the wave period), which is very demanding computationally. For this reason, one uses horizontally
averaged quantities, such as the vertical eddy diffusivity to address only the net vertical transport. Existing
works have used a depth‐invariant vertical diffusion coefﬁcient (French‐McCay et al., 2008; French‐McCay
et al., 2017), whose value was estimated by ﬁtting to observation. We argue herein that a more physically
based approach would be to use depth‐varying eddy diffusivity that can capture the impact of wind speed
and waves on the transport, an approach that is rarely addressed, with the exception of recent works
(Beegle‐Krause et al., 2017; Boufadel et al., 2018; Nordam et al., 2019). Therefore, the goal of this work is to
provide a holistic conceptual modeling of oil droplet vertical transport due to eddy diffusivity. The work
attempts to use physically based arguments and measurable quantities to predict the transport of oil droplets.
At depths below the breaker zone (say one to two wave heights; Mackay et al., 1984), the kinematics of waves
decrease, which is due largely to the exponential decrease of velocity with depth (Dean & Dalrymple, 1991).
However, the turbulence due to waves persist for depths comparable to multiple wave heights (Drennan et al.,
1992; Drennan et al., 1996; Terray et al., 1996) due to diffusion from the surface layer. Craig and Banner (1994)
argued that the depth of the so‐called wave‐enhanced layer is around four to six wave heights (Figure 1).
Beneath that, and still within the so‐called mixed layer (Figure 1), measurements have shown that the
“law of the wall” applies with correction due to the Coriolis force. Below the mixed layer depth (MLD), the
hydrodynamics tend to be independent on the local atmospheric forcing and to depend on the internal ocean
waves, shear generation, and buoyancy ﬂuxes (due to salinity or temperature gradients). Therefore, it is reasonable to focus the investigation of surface releases to depths within the MLD.
A general approach to model the vertical (i.e., one‐dimensional) migration of oil droplets of size d in the MLD
is by assuming that the two mechanisms for transport are the rise velocity due to buoyancy and turbulent diffusion. This is done by ignoring transient hydraulics and droplet inertia addressed. In theoretical works on
waves (Bakhoday‐Paskyabi, 2015; Eames, 2008), the terminal rise velocity of droplets of diameter d wd is
given, for example, by
wd ¼

4 g dðρw −ρo Þ
24
3
with C D ¼
þ pﬃﬃﬃﬃﬃﬃﬃﬃ þ 0:34
3 C D ρw
Re;d
Re;d

(3a)

where ρw and ρo are the density of water and oil, respectively, and νw is the kinematic viscosity of water. The
term Re;d ¼ wνdwd is the droplet Reynolds number, reﬂecting the hydrodynamics around the droplet (i.e., it is
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independent of the Reynolds number of the system, which impacts also the value of eddy diffusivity K, discussed next). Note that the solution of equation (3a) to obtain the velocity wd is implicit, and thus, wd would
need to be determined by iteration. When the Reynolds number is such that Re;d ¼ wνdwd ≤1(i.e., the ﬂow
around the droplet is laminar), equation (3a) becomes the well‐known Stokes law (White, 1991), where
the rise velocity wd is proportional to the square of the droplet diameter, viz
wd ¼

ðρw −ρo Þgd2
18ρw νw

(3b)

Equation (3b) was presented herein as oil droplets smaller than 150 μm tend to be in the Re,d < 1.
The concentration cd(z,t) for each size d is obtained based on the solution of the one‐dimensional (vertical)
advection diffusion equation, viz


∂cd
∂
∂cd
∂
K
¼
− ðwd :cd Þ
(4)
∂z
∂z
∂t
∂z
The dependence of the concentration on “z” and “t” is not shown in equation (4) for compactness of presentation. The term K is known as the eddy diffusivity and is discussed later. The Lagrangian form of equation (4)
is (Boufadel et al., 2018)
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ !
dK R 2Kdt
Δt
(5)
Z d ¼ wd þ
þ
dt
dz
where R is a random number from a Gaussian distribution with mean of zero and a variance of 1.0; Zd is the
location (depth) of particle d. The gradient of the diffusivity (second term on the RHS of equation (5)) represents pseudo advection due to the spatial variation of K, and leads to a ﬂux of material from the low‐
diffusivity regions to the high‐diffusivity regions (Boufadel et al., 2018; Golshan et al., 2018; Röhrs et al.,
2018; Visser, 1997). Neglecting the gradient would overestimate the concentration of oil droplets at the water
surface, overpredicting, for example, the exposure to birds and mammals at the water surface. Equation (5) is
implemented within the Lagrangian particle tracking model NEMO3D (Cui et al., 2018).
Our approach is to consider an initial “instantaneous” release of oil droplets into the water column, and to use
equation (4) or (5) to track its evolution with depth and time. We will use equations (4) and (5) interchangeably—in fact, we will show that they provide the same information.

2. Eddy Diffusivity
The eddy diffusivity K has received considerable attention in the physical oceanography literature starting
from the seminal work of Okubo (1971). However, at a more basic level, the eddy diffusivity may be derived
based on dimensional analysis associated with boundary layer dynamics (Marusic et al., 2013; Townsend,
1980):
K ¼ κlu′rms

(6)

where κ = 0.4 is the von Karman constant, “l” is a characteristic length scale of turbulence, and the term urms
is the root mean square of turbulence velocity (turbulence ﬂuctuations). Various works in physical oceanography investigated the range of l and u′rms to obtain K. One of the most commonly used models is the K‐
proﬁle parameterization (KPP) model (Large et al., 1994), in which the ﬂux of material due to turbulent diffusion is given by the following expression:


∂c
F ¼ −K
−γ
(7)
∂z
where c is the concentration (or any passive scalar such as number of droplets). The parameter γ is a “gain”
parameter, and represents a convective ﬂux superimposed on the diffusive ﬂux. Equation (7) indicates that
the vertical ﬂux of material is dependent not only on the gradient of concentration but also on large‐
hydrodynamics processes. This is appealing from a theoretical point of view, as turbulence itself is
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nonlocal. But as our interest herein is in the one‐dimensional vertical
transport (i.e., averaged over the horizontal), the addition of γ ≠ 0 in the
equation would simply result in a uniform vertical advection that would
not alter the generality of the results. For this reason, we set the gain
parameter γ = 0 in equation (7).
The eddy diffusivity proﬁle in the KPP model was stipulated based on studies in the atmospheric boundary layer to have a convex shape as function of elevation above the sea level (Troen & Mahrt, 1986). Large et al.
(1994) adopted a third‐order polynomial as function of water depth,
which resulted in
K¼


 
κu*
z 2
θ z 1−
ϕ
MLD

(8)

where u* is the water friction velocity, ϕ is the “stability function” in the
Monin‐Obukov theory for boundary layer (Monin & Yalgom, 1975), and
Figure 2. Eddy diffusivity proﬁle at wind speed = 0.5 and 2 m/s and two
is around 0.9. The term MLD is the mixed layer depth representing the
roughness heights z0 = 0.1 and 0.5 m (equation (8)).
maximum extent of the boundary layer formed due to interaction with
the atmosphere. At larger depths, one reaches the “interior” of the ocean,
which is dominated by stratiﬁcation. The term θ is an “enhancement factor” that depends on Langmuir circulation (LC), and is equal to 1.0 when Langmuir cells are negligible, as considered here. The impact of LC on
the evaluation of KPP was addressed in various works: In a rather theoretical publication, McWilliams and
Sullivan (2000) discussed the incorporation of LC in the evaluation of θ, and demonstrated that θ depends
inversely on the Langmuir number:
sﬃﬃﬃﬃﬃﬃ
u*
La ¼
Us

(9)

where Us is the Stokes drift at the surface. Typical values of La are between 0.2 and 0.7, when the LC are
negligible, La → ∞, in such a case, θ → 1. The impact of Langmuir cells on transport has been conducted
in numerous works; Yang et al. (2014) evaluated the impact of LC on the inhibition of underwater oil jets.
Reichl et al. (2016) conducted LES simulations and evaluated the impact of Lagrangian Langmuir currents
in comparison to the traditional approach of using Eulerian Langmuir currents. They also estimated θ
demonstrated that their approach signiﬁcantly improves the prediction of upper ocean currents and temperatures. Simecek‐Beatty and Lehr (2017) evaluated the impact of Langmuir circulations on the surface
spreading of oil and devised a formula to account for the reduction of oil slick areas dependent on the
Langmuir cells.
The dependence of K on the water friction velocity (equation (8)) reﬂects the conservation of shear stress at
the water surface, and the fact that the input of turbulence to the ocean is proportional to u3* (Terray et al.,
1996). Equation (8) indicates that K increases with depth until reaching a maximum at z/MLD = 1/3, and
then decreases gradually afterward to reach the value 0 at z = MLD (Figure 2).
The general shape of K has been noted also in estuaries (Visser, 1997) and in ocean ﬂow under ice (McPhee &
Smith, 1976), and it can be interpreted using equation (6) as follows. As one moves away from the boundary
(surface or stratiﬁed layer beneath the mixed layer), the distance l increases as it represents the size of energetic eddies, which increase in size as one moves away from the boundary. At the same time, the turbulence
velocity u′rms is more or less constant initially, but it decreases at larger distances from the boundaries,
because the eddies lose kinetic energy due to friction. The decrease in u′rms and the increase in l result in a
maximum value of K occurring in the domain, followed by a decrease.
The original authors of the KPP model (i.e., McWilliams and colleagues; Large et al., 1994) stated that the
KPP model captures very well large‐scale transport of momentum and passive scalars below the wave layer
(a few wave height depth; Craig & Banner, 1994). This might be sufﬁcient when dealing with water temperature or salinity. However, there is need for a higher resolution when dealing with oil spills, as the fate of oil
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greatly depends on whether the oil is ﬂoating on the water surface and thus evaporates (Lee et al., 2015; NRC,
2003) or whether it is 1.0 m below the surface and thus dissolves and biodegrades (Lee et al., 2015; Prince
et al., 2017; Socolofsky et al., 2019).
Turbulence just below the water surface comes primarily from shear stress due to wind (Drennan et al., 1996)
and from wave breaking (Kitaigorodskii, 1983; Terray et al., 1996). However, recent works are pointing out
two additional sources: nonbreaking waves and the Stokes drift shear. Babanin and Haus (2015) argued that
nonbreaking waves inject turbulence into the water column, and they quantiﬁed the level of turbulence
using a Reynolds number that is based on the wave height. They supported their argument by noting that
turbulence in the water column have been affected by nonbreaking waves, which indicates that these waves
are not irrotational as commonly assumed. Their concepts were used by Golshan et al. (2018) who modeled
the transport of oil droplets due to regular waves using the k‐ε model within Reynolds Averaged Navier‐
Stokes equations, and found a K proﬁle that resembles that of Figure 2.
Sinha et al. (2015) conducted detailed Large‐Eddy Simulation of LC and pointed out that the variation of the
Stokes drift with depth generates additional turbulence that has not been accounted before. Based on their
results, they amended the eddy diffusivity expression to


dU s
K wave ¼ K 1 þ γ s
dz

(10)

where K is given by equation (8) and γs is a positive parameter on the order of MLD/u* near the water surface
s
(see Sinha et al., 2015, Figure 18). As dU
dz is positive, the interaction of Stokes drift with LC increases the value
of the eddy diffusivity, and the increase is largest at the water surface. Note also that based on equation (10),
s
the functional form of K as function of z changes due to the dependence of dU
dz on depth z.
Unfortunately, even with the usage of the most sophisticated approaches mentioned above, the value of K at
the water surface remains K(0) = 0, and thus, oil droplets at the water surface can never move downward by
turbulent diffusion, which is not realistic. However, based on the boundary layer theory, as one approaches
the boundary, the length l in equation (6) or z in equation (8) reach a constant value equal to the roughness
scale of turbulence “zo” (Townsend, 1980). The value of zo could represent the surface roughness due to regular waves (i.e., comparable to wave height) or it could represent a wave‐enhanced layer as posited by Craig
and Banner (1994). As the value is not well determined at this moment, we explored various values in this
manuscript. Thus, with the addition of wave roughness, equation (10) becomes
K¼




κu*
z 2
θ ðz þ zo Þ 1−
ϕ
MLD

In equation (11), when z = 0, K takes the value K ðz ¼ 0Þ ¼



κ:u*
ϕ

(11)


θ :zo , a nonzero value allowing downward

transport of materials from the water surface. This is shown in Figure 2.

3. Uniform Diffusivity
It is worth investigating situations where K is taken as uniform with depth. This would allow a better illustration of the physics and because uniform values have been used in the literature (French‐McCay et al.,
2008; Paris et al., 2012). For a uniform diffusivity and uniform water properties (density and viscosity), the
evolution of the concentration of droplets of size d, cd, is obtained by a particular form of equation (4):
∂cd
∂2 cd
∂cd
¼ K 2 −wd
∂t
∂z
∂z

(12)

Initial condition:

cd ðz; 0Þ ¼

cd;ini
cd;below

0<z<zini
z>zini

(13)

where the term “ini” indicates “initial.”
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Boundary conditions:
At the water surface, we assume that the total ﬂux of oil is equal to zero (i.e., the oil does not cross the
water surface):
−K

∂cd
þ wd cd ðz; t Þjz¼0 ¼ 0
∂z

(14a)

At inﬁnite depth (i.e., at a large distance from the surface, such as at the MLD), we assume that the gradient of
concentration is zero, which means that droplets leave the bottom domain by advection (if it occurs) but not
by diffusion.
∂cd ð∞; t Þ
¼0
∂z

(14b)

The solution to equation (12) subject to equations (13) and 14 is Van Genuchten (1982):

cd ðz; t Þ ¼ cd;below þ cd;ini −cd;below F 1 ðz; t Þ−cd;ini F 2 ðz; t Þ

(15)

where
"
#
"
#
 t 0:5
1
ðz−zini Þ−ð−wd Þt
ð−wd Þz ðz þ zini þ ð−wd Þt Þ2
−
F 1 ðz; t Þ ¼ erfc
exp
þ ð−wd Þ
2
πK
K
4Kt
2ðKt Þ0:5
"
#




1
ð−wd Þðz þ zini Þ w2d t
ð−wd Þ:z
z þ zini þ ð−wd Þt
− 1þ
þ
exp
erfc
2
K
K
K
2ðKt Þ0:5
"
#
"
#
 t 0:5
1
z−ð−wd Þt
ðz−ð−wd Þt Þ2
ð
Þ
þ
−w
exp
−
F 2 ðz; t Þ ¼ erfc
d
2
πK
4Kt
2ðKt Þ0:5
"
#




1
ð−wd Þz w2 t
ð−wd Þz
z þ ð−wd Þt
þ
exp
erfc
− 1þ
2
K
K
K
2ðKt Þ0:5

(16a)

(16b)

The wd term here is the absolute value of the rise velocity, and the negative sign placed in front of it reﬂects
that z is positive downward.

4. Results
4.1. Results of Uniform Diffusivity
We present ﬁrst the uniform K case followed by the cases where K is based on the KPP model. In addition, we
will assume that the initial concentration cd,below(below zini) is equal to zero.
4.1.1. Steady State
Although our main interest is the transient droplet distribution in the water column, it is of interest to consider ﬁrst the steady state results.
The steady state solution of the uniform K case is obtained by making “t” tend to inﬁnity. Thus, in equation
16, one sets
cd ðz; t→∞Þ ¼ cd;ini *ðF 1 ðz ¼ 0; t→∞Þ−F 2 ðz ¼ 0; t→∞ÞÞ
w:z   w z
w   w z 
w   w z 
ini
d
d
d
d
d
¼ cd;0 zini
¼ Md
exp −
exp −
exp −
¼ cd;0
K
K
K
K
K
K

(17)

where it was recognized that the quantity cd,ini. zini is equal to the mass Md of droplets of size d placed in the
system (per unit horizontal surface area).
Equation (17) indicates that the concentration of size d at steady state (i.e., after a long time of release) is proportional to the initial mass of these droplets in the water column, Md. (Evidently, we assume herein that no
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coalescence and breakup of oil droplets occur.) This means that for the
steady state result, the depth zini is not important, rather the mass of droplets of a given size.
Assuming K = 5.11 × 10−4m2/s and Md = 1.0 for all droplet sizes, and
using equation (3b) to compute the rise velocity based on an oil density
of 887.0 kg/m3, water density of 998.0 kg/m3, and water viscosity of
1.08 × 10−3Pa ⋅ s, we plotted the steady state solutions (equation (17)) in
Figure 4,3 for diameters of size 30, 50, and 100 μm.
Figure 3 reﬂects the fact that the concentration decreases exponentially
with depth with a “decay” constant equal to wKd . Thus, the concentration
of larger droplets decreases fastest with depth. At the water surface (i.e.,
z = 0), equation (17) gives
cd ðz ¼ 0; t→∞Þ ¼ M d
Figure 3. The mass concentration of 30‐, 50‐, and 100‐μm droplets at steady
state having each the same total mass.

wd
wd
¼ cd;ini zini
K
K

(18)

Thus, all concentrations are inversely proportional to the eddy diffusivity,
and the concentration of each size is proportional to the rise velocity
of droplets of that size. In particular, neutrally buoyant particles (i.e.,
wd = 0) do not persist at the water surface at steady state (i.e., after a long
a time).

4.2. The DS Correlation as Initial Condition
Taking the initial mass equal for all droplets was adopted in the previous section to illustrate the physics of
the problem. In reality, an expedient (and physically justiﬁable) means for estimating the initial concentration (mg/L) of each droplet size is through the DS correlation (equation (1)). The concentration (mass of oil
per unit volume of water) can be obtained by multiplying the number concentration of equation (1) by the
oil density (assumed to be the same for all droplets) and the volume of the corresponding droplets. This
leads to
cini;d ¼ ad−b ρo

πd3 aρo πd3−b
¼
6
6

(19)

Figure 4. Mass fraction at the surface at the initial time based on DS correlation (equation (19)) and at steady state (based
on equation (21)).
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Table 1
Simulation Scenarios of Transient Concentration
Droplet diameter (μm)

Rise velocity
(m/s)

30
30
100
100

5.04 × 10
−5
5.04 × 10
−4
5.60 × 10
−4
5.60 × 10

−5

Wind speed
(m/s)

Friction velocity
u* (m/s)

0.5
2
0.5
2

3.94 × 10
−3
1.90 × 10
−4
3.94 × 10
−3
1.90 × 10

−4

2

Kave (m /s; equation (22))
−4

4.43 × 10
−3
2.20 × 10
−4
4.43 × 10
−3
2.20 × 10

Equation (19) indicates that the initial concentration of droplets of size d varies at the power of (3 − b) of the
diameter. As b ≈ 2.2, the initial concentration is proportional to d0.8 ≈ d. Thus, the DS correlation provides
concentrations that increase almost linearly with the droplet diameter. For example, the concentration of
100‐μm droplets is approximately 10 times the concentration of the 10‐μm droplets. This can be noted in
Figure 3 for a = 1.0 (the value of a show no difference in calculating concentration values) and zini = 1 m.
Using equation (17), the steady state proﬁle in the water column for droplets of size d is given by
cd ðz; t→∞Þ ¼ cd;ini

 w z
w :z   w :z aρ πz ðρ −ρ Þg
d ini
d
ini w
d
o
¼ o
d2:8 exp −
exp −
K
108μK
K
K

(20)

And at the surface, the concentration of droplets of size d is
cd ðz ¼ 0; t→∞Þ ¼

aρo πzini ðρw −ρo Þg 2:8
×d
108μK

(21)

The steady state mass concentrations (equation (21)) for the 10 to 150 μm at the surface are shown in
Figure 4.
One notes in Figure 4 that the oil mass at the surface decreases with respect to the initial value for diameters
smaller than 90 μm and the converse occurs for larger diameters. This could be interpreted based on the following argument. At the surface, the concentration at steady state is (equation (21)) cðz ¼ 0; t→∞Þ ¼ cd;ini
wd zini
wd zini
K . Therefore, when the quantity K (which is a Peclet number) is larger than 1.0, the concentration will
increase from the initial value cd,ini. Otherwise, the concentration of droplet will decrease. Combining equao Þgd
tion (21) with the expression for the terminal velocity (equation 3), one obtains that for wdKzini >1, wd ¼ ðρw −ρ
18μ
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
18Kμ
> zKini. Therefore, droplets with diameter dc > Δρgz
will rise to the surface. For this simulation condition, K =
2

ini

5.11 × 10−4 m2/s and zini = 1 m resulting in dc = 92 μm, in agreement with Figure 4.
The mass concentration at steady state reﬂects the fact that the concentration at steady state is proportional to
the rise velocity wd, which by equation (3b) is proportional to the square of the droplet diameter, meaning that
the steady state concentration of, for example, 125‐μm droplets is 100 times that of 12.5‐μm droplets.

Figure 5. Number concentration of 30‐μm droplets based on uniform K distribution under (a) wind speed = 0.5 m/s and (b) wind speed = 2 m/s.

BOUFADEL ET AL.

9 of 16

Journal of Geophysical Research: Oceans

10.1029/2019JC015727

Figure 6. Number concentration of 100‐μm droplets based on uniform K distribution under (a) wind speed = 0.5 m/s and (b) wind speed = 2 m/s (Table 1).

5. Transient Simulations
As one of our goals is to compare the KPP model with the uniform K case, we selected a situation where the
uniform K value to be equal to the average K based on the KPP model. Thus, the average K is obtained by
taking the average of equation (11):
K ave



1 MLD
κu* MLD z0
∫
þ
¼
Kdz ¼
MLD 0
12
ϕ
3

(22)

where κ = 0.4 and ϕ = 0.9. Therefore, for a given wind speed, one obtains the friction velocity u* (Table 1),
and subsequently K (equation (11)) and Kave (equation (22)).
Figure 5 shows concentration proﬁles of 30‐μm droplets as function of time for two wind speeds: 0.5 m/s (left
panel) and 2.0 m/s (right panel). An increase in the wind speed increases the magnitude of Kave (Table 1) and
results in further penetration of droplets into the water column.
Figure 6 shows concentration proﬁles for the 100‐μm droplets as function of time for two wind speeds: 0.5
m/s (left panel) and 2.0 m/s (right panel). An increase in the wind speed resulted in a major decrease of the
concentration at the water surface (compare the left panel to the right panel). However, unlike the proﬁle
of the 30‐μm droplets (Figure 5), the proﬁles of the 100‐μm droplets do not change much over time and/or
with depth. This is due to the strong role of buoyancy of the 100‐μm droplets in comparison with the weak
turbulence level considered herein, as wind speeds of 5 m/s and faster could easily occur at sea
(discussed later).

Figure 7. Proﬁles of number concentration of 30‐μm droplets based on uniform K obtained using the analytical solution and NEMO3D (a) wind speed = 0.5 m/s and
(b) wind speed = 2 m/s.
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Figure 8. Surface concentration ratio to the initial concentration under two wind speeds (a) 6 hr and (b) 24 hr.

The model NEMO3D was used to predict the concentration of droplets based on equation (5) assuming a
uniform K proﬁle given by Kave. Thirty realizations (simulations) were conducted. In each, a total of
2,500 droplets were placed uniformly with depth until z = 1.0 m. They were placed in two bins each of
0.5‐m depth, and thus, the initial concentration was cd,ini = 1,250 # /L in each bin. Figure 7 reports the comparison for 30‐μm droplets for the two wind speeds 0.5 and 2.0 m/s and two arbitrary times of interest: 6 and
24 hr. Figure 7 shows that NEMO3D was able to closely reproduce the exact solution, conﬁrming further
that equations (4) and (5) are equivalent (i.e., that a Lagrangian solution for the transport reproduces the
Eulerian solution). The agreement between NEMO3D and the exact analytical solution was even closer
for the 100‐μm droplets, and is not shown here for brevity.
The steady state solution for the uniform K proﬁles provides a clear connection between the droplet diameter
and its persistence at the water surface. However, the time to reach steady state could be on the order of days
for droplets that are 30 μm subjected to a 0.50‐m/s wind, and is unlikely to be of major interest when responding to oil spills where the time frame is a few days. Therefore, it would be desirable to see whether the buoyancy and eddy diffusivity play a role at earlier times, namely, at 6 and 24 hr. For this reason, we plotted in
Figure 8 the surface concentration ratio at times t = 6 and 24 hr as function of the rise speed divided by K
for the two wind speeds (0.5 and 2.0 m/s). The relation appears linear in agreement with the steady‐state situation leading to an equation of the form:
cd ðz ¼ 0; t Þ
wd
¼ 0:93zini
att ¼ 6 hourshr
c0 ðz ¼ 0; t ¼ 0Þ
K

(23a)

cd ðz ¼ 0; t Þ
wd
¼ 0:97zini
att ¼ 2424hourshr
c0 ðz ¼ 0; t ¼ 0Þ
K

(23b)

Figure 9. Wind speed 0.5 m/s and 30‐μm droplets. Number concentration of the analytical results based on uniform K and NEMO3D results based on the KPP
model at (a) 6 hr and (b) 24 hr.
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Figure 10. Wind speed 2.0 m/s and 30‐μm droplets. Number concentration of analytical result based on uniform K and NEMO3D result based on the KPP model at
(a) 6 hr and (b) 24 hr.

Based on Figure 8, equation 23 applies well for the wind speed of 2.0 m/s at both 6 and 24 hr, and applies well
for a wind speed of 0.5 m/s at 24 hr. The deviation occurs at small rise velocities at 6 hr. Thus, in fairly general
conditions (e.g., wind speed larger than 2.0 m/s), the transient concentration of a given droplet size at the
water surface at 24 hr is directly proportional to its terminal rise velocity and inversely proportional to the
eddy diffusivity.
The comparison between the KPP proﬁle results and the analytical results using Kave is reported in Figure 9
for 30‐μm droplets at wind speed of 0.5 m/s. The impact of the surface roughness (due to waves), zo, was investigated using two values of zo, 0.1 and 0.5 m. Figure 9a shows that the KPP model provides concentrations
smaller than the uniform K model in the top 5 m with the exception of the value at the surface, which seems
to be greatly dependent on the zo value. A value of zo = 0.5 m resulted in KPP concentrations at the surface
(i.e., z = 0) that are essentially equal to those of the uniform K (Figures 9a and 9b). At 24 hr (Figure 9b),
the concentration at 10–15‐m depth based on the KPP model was larger than that of the uniform K, which
is likely due to the fact droplets migrated toward the maximum K value, which was at 10 m.
Figure 10 shows the KPP and uniform K results for the 30‐μm droplets at a wind speed of 2.0 m/s for the two
zo values. Near the surface, the KPP model provided smaller concentrations than the uniform K model at
both 6 and 24 hr, and the impact of zo is small, only visible at 6 hr. The discrepancy at 24 hr is due to
the fact that the uniform K model uses Kave at z = 30 m, while K decreases to reach 0 at z = 30 m, and
the K gradient (second term in equation (5)) tends to move droplets upward there. This was not observed
when the wind speed was 0.5 m/s (Figure 10) because K was small in that case, and the droplets remained
above z = 20 m.
Figures 9 and 10 show that at the water surface, the KPP model provided smaller values of the concentration
in comparison with the uniform K model using the average value. The difference is generally small (less than
20%). But more importantly, the difference seems to increase rapidly with the wind speed, especially for the
30‐μm droplets (left panels of Figures 8 and 9).
A wind speed of 5.0 m/s was also considered. However, we had to increase the depth of the mixed layer to
MLD = 120 m as high level of turbulence resulted in major displacement of droplets to the MLD, which
Figure 11 indicates that, compared to the smaller wind speed, the stronger turbulence situation will spread
the droplets more into the water column for the times considered so far (6 and 24 hr), resulting in smaller concentrations. Figure 11 also shows that the difference between the uniform (analytical) eddy diffusivity model
and the KPP model decreases with time (compare the 24‐ to the 6‐hr result).

6. Dimensionless Formulation
Rewriting equation (5) where starred parameters represent dimensional quantities, one obtains
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Figure 11. Wind speed 5.0 m/s for 30‐μm droplets. Number concentration for analytical result based on uniform K and NEMO3D result based on KPP model at (a) 6
hr and (b) 24 hr.

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
dZ *d
dK * R 2K * dt *
*
¼ wd þ * þ
dt*
dz
dt *
ztþ1 * ¼ zt * þ wd * Δt * þ

(24)

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
dK * *
Δt þ R 2K * Δt *
*
dz

(25)

Now let
z¼

z*
w*
t*
K*
wd ¼ d t ¼
K¼
L0
U0
T0
K0

(26)

where Lo, Uo, To, and Ko are the characteristic length, velocity, time, and diffusivity, respectively. Let
L0 = MLD, U0 = u*, T 0 ¼ UL00 ¼ MLD
u* , and let K0 = u*. MLD. Then,
K* ¼

κ:u*  *
z þ z*o
ϕ


2
z*
κMLDu*
κ
1−
¼
ðz þ zo Þð1−zÞ2 ¼ K o ðz þ zo Þð1−zÞ2 ¼ K o K
ϕ
MLD
ϕ

(27)

Inserting equations (26) and (27) into equation (25), one obtains
ztþ1
ztþ1

rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
K o dK
Ko
×R 2KΔt
¼ zt þ wd Δt þ
Δt þ
u* :MLD dz
u* :MLD
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
dK
¼ zt þ wd Δt þ Δt þ R 2KΔt
dz

(28)

The dimensionless nature of equation (28) and the fact that it resembles to equation (25) allows its usage for a
wide range of situations, as discussed next. For example, for a given dimensionless rise velocity wd ¼

w*d
u* ,

one

notes that
wd ¼
Table 2
Similarity Between Two Systems Using the Dimensionless Formulation of
This Study
Wind speed (m/)s
*

u (m/s)
MLD (m)
To (s)

BOUFADEL ET AL.

0.5

2

3.9e−4
30
77,000

1.9e−3
146
77,000

 *
 *
wd
wd
¼
u* 1
u* 2

(29)

where “1” and “2” represent different systems. Thus, the concentration
proﬁle of a small rise velocity droplet in a system with a small water friction velocity (for example, system 1) would be the same as the proﬁle
obtained from a larger droplet in a larger water friction velocity system
(system 2) as long as equation (29) is satisﬁed. Alternatively, two systems
with different wind speeds would have the same time evolution if their To
is the same, as shown in Table 2.
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Table 3
Application of the Dimensionless Formulation to Generalize the Results of One‐Dimensional Simulation
Consider that based on the dimensionless formulation,
C/Co = 0.385 for droplets of size wd as reported below,
at the locations and time reported below

Location and time in a dimensional system with the
properties below. Wind speed = 0.5 m/s, u* = 3.9e
− 4 m/s; MLD = 30 m, To = 77,000 s

wd = 0.1

wd = wd.u* = 3.9e − 5 m/s, droplet diameter = 26
3
μm for oil density = 887 kg/m
*
z = z.MLD = 21 m
*
t = t. To = 8.55 hr

z = 0.7
t = 0.4

*

Location and time in a dimensional system with the
properties below. Wind speed = 5.0 m/s, u* = 5.7e
− 3 m/s; MLD = 120 m, To = 21,000 s
*

wd = wd.u* = 5.7e − 4 m/s, droplet diameter =
3
100 μm for oil density = 887 kg/m
*
z = z.MLD = 84 m
*
t = t. To = 2.33 hr

The judicious selection of the parameters (namely, u* and MLD) allowed the actual value of the eddy diffusivity to cancel out resulting in an expression similar to the original (dimensional expression). Two examples
are presented in Table 3. This removes the constraint of accounting for the dimensional value of the eddy
diffusivity, as one notes from observing equation (28). Nevertheless, the dimensionless formulation cannot
be generalized to include the DS model, as the DS model is empirical in nature, and it is for this reason that
we presented the formulation herein and not earlier.

7. Conclusions
The transport of oil droplets following a surface oil spill was investigated by assuming a uniform eddy diffusivity, K, proﬁle and a vertical proﬁle based on the KPP model (Large et al., 1994). In the latter, K increases
initially with depth to reach a maximum at one third of the MLD, and then subsequently decreases gradually.
The initial droplet size distribution was assumed to be obtained based on the Delvigne and Sweeney (Delvigne
& Sweeney, 1988) model, and it resulted in the mass concentration (mg/L) increasing almost linearly with the
droplet diameter. The solution for the vertical transport problem (equation (4)) was obtained ﬁrst using a uniform K, which provided an exact analytical solution (equation 16), where the concentration of a given droplet
d
size at the water surface was cd ðz ¼ 0; t→∞Þ ¼ M d Kwave
, where Md is the total (initial) mass of oil of size d, wd is
the rise velocity of droplets of size d (equation (3b)), and Kave is the average vertical eddy diffusivity within the
mixed layer (Figure 1). This means that neutrally buoyant material would not persist at the water surface.
This also means that an increase in the wind speed (Table 1) and subsequently K would result in smaller concentration at the water surface, which was observed at sea during storms. In addition, based on Stokes' law
(equation (3a)), the ﬁnding indicates that the oil concentration of a given droplet size is proportional to the
square of the diameter, reﬂecting a sharp decrease of the oil concentration with the diameter. This result
could explain observations that droplets smaller than 100 μm do not persist at the water surface. The results
(Figure 8) suggest that the steady state relation provided above applies closely at t = 24 hr or larger, especially
at wind speeds of 2.0 m/s and larger. In particular, one has cd ðz¼0;t¼24
cd;ini

hrÞ

e0:90 to 0:97*zini Kwaved , where cd,ini is

the initial oil concentration occurring over a depth zini. Thus, in the absence of detailed modeling, one may
use this relation to interpret the measurements at sea following a spill.
The model NEMO3D (Cui et al., 2018) was further validated in this work, and it matched very closely the
exact analytical solution results for a uniform K at all times considered, including steady state. The model
was then used to predict the transient concentration at t = 6 and 24 hr. It was found that the KPP produces
smaller concentrations at the water surface in comparison with the assumption of a uniform K, and that
the difference increases with the wind speed and the decrease in droplet diameter. The impact of waves
was introduced into the KPP model through a roughness height, zo, that is comparable to the wave height
based on previous works in physical oceanography (Craig & Banner, 1994; Drennan et al., 1992). It was found
that the value of zo has essentially no impact on the concentration proﬁles at depth, but greatly impact the
concentration within a few wave depths. As oil response depends greatly on the oil concentration at or just
below the water surface, it is advisable to use the proposed new expression of K (equation (11)) when applying
the KPP model.
A new dimensionless formulation was provided for the transport of oil droplets due to turbulent diffusion and
buoyancy. It allowed generalization of the results of oil droplet transport. The formulation can be used with
the DS model as initial condition. However, one cannot easily make the DS model (Delvigne & Sweeney,
BOUFADEL ET AL.
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1988) dimensionless as the model is empirical, and because the slip (or rise) velocity of oil droplets do not
seem much affected by turbulence, as is the case for air bubbles (Spelt & Biesheuvel, 1997) or sediment
particles (Nielsen, 1993).
The investigation herein reveals that the Delvigne and Sweeney (Delvigne & Sweeney, 1988) approach is not
sufﬁcient to predict the oil DSD in the water column, and that one needs to use a vertical eddy diffusivity to
accurately the transport in the following hours and days. The resulting DSD was very different from that of
DS. This work provides an effort to bridge between advances in the ﬁelds of physical oceanography and needs
in the ﬁeld of oil spill modeling.
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